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Chapter 1 



Landau-Fermi-liquid theory: 
Phenomenology 



One of the first thing that one learns in a Solid State Physics course is that the thermodynamic 
and transport properties of metals are well described in terms of non-interacting electrons; the 
Drude-Sommerfeld-Boltzmann theory of metals. Yet, this evidence is somehow surprising in 
view of the fact that actual electrons interact mutually via Coulomb repulsion, which is not 
weak at all. 

This puzzle was solved brilliantly in the end of the 50's by Landau, as we are going to discuss 
in what follows. We will start by analysing the case of a neutral Fermi system, like 3 He. Later 
we shall discuss charged Fermi systems, relevant to metals. 

1.1 The Landau energy functional and the concept of quasipar- 
ticles 

Let us start from a non-interacting Fermi gas at very low temperature T. Right at T = we 
know that the ground state is the Fermi sea that is obtained by filling with two opposite-spin 
electrons all momentum states with energy smaller than the chemical potential n (the Fermi 
energy). In other words, if is the occupation number of each momentum state - being 
zero or one because of Pauli principle - then the Fermi-sea occupation numbers are 



At finite temperature, the equilibrium values of the occupation numbers are given by the Fermi- 
Dirac distribution 
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with (3 = 1/KbT the inverse temperature. Any excited state can be uniquely identified by the 
variation of the occupation numbers with respect to equilibrium, namely through 

Sn ka = n k(T - n^j, (1.1) 

and costs an energy 

6E<® [{Sn pa }] = £ (4 0) " A*) S niBT , (1.2) 

kcr 

that is a simple functional of the drib's. 

Now suppose that we switch on smoothly the interaction. Each non-interacting excited 
state will evolve smoothly into a fully-interacting one. The Landau hypothesis was that the 
non-interacting and the fully interacting states are adiabatically connected; in other words they 
are in one-to-one correspondence. This implies in particular that each fully-interacting excited 
state can be uniquely identified, like its non-interacting partner, by the deviation with respect 
to equilibrium of the occupation numbers 5n kcT . Consequently, its excitation energy 5E must be 
a functional of the Sn^s, i.e. 

5E[{8n pa }]. (1.3) 



Remark 

This hypothesis may look simple but it is actually deeply counter-intuitive. Suppose we 
have a "non- interacting" Hamiltonian TCq and a fully- interacting one Ti = TCo + TCi, and suppose 
to follow the spectrum, that we assume discrete, within a specific symmetry-subspace of the 
Hamiltonian 

7Y(A) = 7Yo + XTii, 

with A that increases smoothly from to 1. The evolution of the spectrum must resemble 
that one drawn schematically in Fig. 1.1 with a series of avoided crossings that allow to follow 
adiabatically the n-th excited level at A = into the n-th excited level at A = 1. Note that 
the crossing are avoided because the states have the same symmetry. If we were to consider 
levels of different symmetries nothing would prevent crossings. However, while the adiabatic 
evolution does occur and it is a well accepted phenomenon in models with discrete spectra, it 
is equally common wisdom that it can not happen when the spectrum is continuous, as in a 
bulk metal. Landau's revolutionary hypothesis that the adiabatic evolution also occurs in a bulk 
system, at least for the low energy excitated states, and the fact that, by this simple assumtpion, 
one can justify and predict a lot of physical properties is one of the major achievements of the 
contemporary Condensed Matter Theory. 



Let us therefore assume that the excitation energy of the fully-interacting Fermi system 
is indeed a functional of the same Sn^'s as its non-interacting partner, and further suppose 
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Figure 1.1: Adiabatic evolution of a discrete spectrum within a specific symmetry-subspace. 

that the temperature is very small. In this case, any weak deviation from equilibrium must 
correspond to 5nko- <C 1, that justifies a Taylor expansion of (1.3), namely 

SE [{Sn pa }} = ^ ( e kcr ~ /•*) <5 n k CT + - ^2 ^2 /kak'o-' Snka + O (5n 3 ) . (1.4) 

kcr kk' crcr' 

This is the famous Landau's energy functional. Note that 

• even though the two terms are apparently of different orders, in reality they are of the 
same order since the excitation energies e^ a — [i are of the same order as the deviations of 
the occupation numbers; 

• e^cr should not be confused with the non-interacting energies e^°j . 

Rigorously speaking, the Sn^s that appear in (1.4) only serve as labels to identify excitated 
states and they do not correspond to deviations of the occupation numbers of the real particles, 
as in the non-interacting case (1.2). Just for this reason, Landau coined for Sn^ the definition 
"quasiparticle" occupation number, as if the real-particle excitations were substituded in the 
presence of interaction by "quasiparticle" excitations. The Fermi gas of these quasiparticles is 
the so-called "Landau-Fermi liquid". 



Remark 

This idea is actually ubiquitous in all Solid State Physics. Let us for instance recall briefly 
how phonons arise. One starts from a model of interacting ions and electrons. Because of their 
larger mass with respect to the electrons and of the Coulomb interaction among them and with 
the electrons, the ions localize, thus forming a lattice, and the low energy excitations become the 
small fluctuations around the equilibrium positions, whose quantization gives rise to phonons, 
which are bosons. In other words, one begins with real particles, the ions, yet their low-energy 



excitations in the presence of interaction are new bosonic "quasiparticles" , the phonons, that 
turns out to be generally weakly interacting among each other and with the electrons. This 
allows to treat such an interaction within perturbation theory, unlike the original Coulomb 
interaction. In a more general context, since the only many-body systems that can be solved 
exactly in any dimensions are free bosons or fermions, it is a very natural, and fortunately 
successful, approach to attempt a description of the low-energy excitations of, even strongly, 
interacting models in terms of effective "quasiparticles", bosons or fermions, whose interaction 
is weak enough to be treated perturbatively. 



Going back to the Landau energy functional (1.4), in the case in which spin isotropy is 
preserved the following equivalences hold: 

/kTk'T = /k|k'|, /kTk'l = /k|k'T- 

In this case, the choice of a spin quantization axis must not be influential, hence it is convenient 
to rewrite (1.4) in a form that is explicitly spin isotropic. For that purpose, let us introduce 
charge deviations from equilibrium 

<5p k = <5n kT + Sn^i, (1.5) 

and spin ones 

5<T 1 t=(5oZ,6oZ,6*Z), (1.6) 

where the z-component is simply 

Sa£ = 5n kT - 5n kl . 

With these definitions the second term of the energy functional (1.4) can be written as 

2 ^kk' <5pk <W + /kk' <5°"k • Sa v , (1.7) 

kk' 

where 

f s = \(fn + fn)> f A = l(h-fn), (1-8) 

as can be readily demonstrated by equating (1.4) and (1.7) assuming a deviation from equilibrium 
of the form 

<5<r k = (0,0, K). 
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1.2 Quasiparticle thermodynamics 



Let us derive, starting from the Landau's energy functional, the thermodynamical properties of 
the quasiparticles. We note that, if we consider a deviation from equilibrium that consists, in 
the absence of interaction, to add 5N particles in particular momentum-states, i.e. an excited 
state identified by <5ra k(7 such that 

^,5n k(7 = 5iV, (1.9) 

kcr 

such a state must evolve in the Landau's hypothesis into a state with the same "quasiparticle" 
excitations 5n k(7 and furthermore, since the total number of particles is conserved along the 
adiabatic evolution, with the same deviation SN from equilibrium. In other words, although 
quasiparticles have not to be confused with real particles, still the sum of all quasiparticle 
deviations of the occupation numbers gives the variation of the total number of real particles, 
i.e. Eq. (1.9). 



Remark 

It is important to note that the adiabatic evolution hypothesis guarantees that only true 
conserved quantities, like the total number of particles or the total spin, keep the same expres- 
sions in terms of quasiparticle occupation numbers as for the real particles. Conserved quantities 
refer, rigorously speaking, only to the fully interacting Hamiltonian, whereas the non-interacting 
one has generally much larger symmetry. In other words, the Landau's theory of Fermi liquid 
has only to do with conserved quantities but its use is not at all justified for non-conserved ones, 
even if they are conserved in the non-interacting limit. This fact is often underestimated and 
may lead easily to wrong conclusions. 



Since the labelling of the states is identical to non-interacting electrons, the phase-space 
volume counting is the same, hence also the formal expression of the entropy-change SS: 



5S 



-K B ^2 n ka lnn kCT + (1 - n k(T ) In (1 - n k(T ) 



kcr 



(1.10) 



Thermodynamic equilibrium implies an extremum of the free-energy F, namely that 

SF = 5E -T5S - n5N = 0. (1.11) 

Let us solve this equation by assuming that the deviation from equilibrium is induced by a 
deviation of the quasiparticle occupation numbers <5n kcr , that amounts to impose 



SF 
<5n kc r 



= 0. 



<5n=0 
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By Eq. (1.4) we find that 

T = e k + ^2 /kcrkV <^k'cr' = eko- 5 (1-12) 

nk<T k'<T 

is the quasiparticle energy in the presence of excited quasiparticles, including itself, while what 
it is needed is 

SE \ 

M^)sn=0 k ' 

that is obviously independent of Sn. Since all terms in (1.11) have exactly the same expression as 
for non- interacting particles, one readily realizes that the quasiparticle equilibrium distribution 
is the Fermi-Dirac distribution 



«ka 



n k = /(e k -/z)=(l + e^-^) \ (1.13) 



the only difference with respect to non-interacting real particles being the renormalized band 
dispersion e k . 

We must point out that / (ek — n) corresponds to global equilibrium - all quasiparticles 
are in equilibrium among themselves. Analogously, we could define a distribution function for 
the "local" equilibrium that minimizes the free-energy of a single excited quasiparticle in the 
presence of other excited quasiparticles. It is clear from Eq. (1.12) that the local-equilibrium 
distribution function is the Fermi-Dirac distribution with argument the quasiparticle energy e k(T , 
i.e. 

fib = /(€*,-!*)= (l + e^-">)~\ 

which is a functional of the occupation number deviations. 

In accordance, we can define a deviation with respect to local equilibrium as 

5n ka = n ka - f (e k(T - n) , (1.14) 

as opposed to that one with respect to global equilibrium 

8n ka = n k(7 - n k 

= Sn ka + n ka - n k 

r _ dn k 
= on k(T + — — (e k(T - e k(7 J 
de k 

x - , df(e k -fi) 

= on ka H (e kCT - e krT ) 

de k 

~ bn ka - S(e k - n) ^2 /lwkv Kv, (1-15) 
kV 
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where we have assumed to be close to equilibrium and at very low temperature. 

Now let us consider, as conventionally done, a space-isotropic system, where ek = e (|k|) and 
use the parametrization 

dn° 

$nka = —Q^ E Ylm 5Ulm(7 - 5 ( £k ~ V) E Ylm Sn lma, (1-16) 

k Im Im 

where Y; m (^k) are spherical harmonics identified by the Euler angles of the unit vector in the 
direction of k, being its modulous fixed by the (5-function to be right on the Fermi sphere. (The 
J-function in the right hand side of (1.16) derives from the fact that both sides of that equation 
must consistently be of first order in the deviation from equilibrium.) 

In addition, we introduce the Legendre decomposition of /kk' assuming that it depends only 
on the relative angle #kk' between the two momenta, their modula being on the Fermi sphere. 
Therefore 

i 

where Pi (#kk') are Legendre polinomials. 1 In the non-abelian representation in which the energy 
functional is explicitly spin-isotropic, one readily finds through (1.15) the following relations 
between the charge/spin deviations at global and local equilibrium: 

8n° » 

6 Pk = 5p k + 2-^ £/&'<W. (1-18) 
aek k' 

5<x k = ( 5d-k + 2^^/ k 4 k,^k'. (1-19) 
One realizes that, because of ek = e (|k|) and of the identity 



/ 



it follows that 



Pi (#kk') Yl'rn' (Ok') = $11' — Yl'm' (^k) , 



E E fl SPl ^ kk ') 7T^'™' (^ k ') S Pl'm' 
k' I ° €k 

E E fr Sp i ( 0kk ') 6 ( £k/ - E ^ 5 pv 

k' I I'm' 



1 Conventionally, the argument of the Legendre polinomials is indicated as cos 9 £ [—1 : 1]. Here, in order to 
simplify notations, we have decided to use as argument 
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^-M fi S 6pvm> [ ^Pi(Ow) Y Vm , (Sl v 

ll'm' J 7F 



and analogously for <5<Xk with f s — > f A , where M = M{fj) is the quasiparticle density of states 

AA(e) = ^<5(e k -e), 



at the chemical potential. Thefore Eqs. (1.18) and (1.19) have the simple solution 

<lm 

F, s ' 



5 P i m = 5PI ™ , (1-20) 



1+ 



1 + 



21 + 1 

Ft 



5cr lm = (1.21) 



21 + 1 

where the Landau F-parameters are defined through 

Fi [A) = VN fi [A) . (1.22) 
It also common to define ^-parameters through 



? S(A) 
I 

I + 



A? A) = (L23) 



2/ + 1 
so that 

F?8 Plm = A?5p lm , (1.24) 

F t A 5 <Ti m = AfSa lm ., (1.25) 

We note that the above formulas are valid only for an isotropic system, like 3 He, or for a metal 
with an approximately spherical Fermi surface. In general, one must use, instead of spherical 
harmonics and Legendre polynomials, other basis functions appropriate to the symmetry of the 
lattice. However, in what follows we just take into account the isotropic case, unless otherwise 
stated. 
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1.2.1 Specific heat 

Let us start the calculation of the quasiparticle thermodynamic properties at low temperature 
from the simplest one: the specific heat. It is easy to show through (1.10) (we set Kb = 1 as 
well as h = 1) that 

T fdS\ T fdS\ 

cv = v{of) N ^y{of)^ +0{T) 

= -±jdeN(e + rie* d -^ = ^NT. (1.26) 

This is the same expression as in the absence of interaction with the quasiparticle density of 
states M instead of the free-particle one A^°) 



AA°)=AA(°V) = ^<5(e 



kcr 



Therefore, if c^y is the specific heat of the free particles, then 



*L-*- (l 27) 

c (o) " ^(0) • 

1.2.2 Compressibility and magnetic susceptibility 

Suppose that we perturb the system with a static homogeneous field that may modify the 
chemical potentials, \x a = n — ► fi+S/j, a , for spin up and spin down real particles. At equilibrium, 
the quasiparticle occupation numbers will change accordingly as 

Sn ka = -± (6e ka - <5/v) , (1.28) 

where 

feka = /ko-kV ^kVi 

k'cr' 

is the change in the quasiparticle energy due to the fact that the external field changes all quasi- 
particle occupation numbers. It is important to note that 6\i a that appears in (1.28) coincides 
with the field that acts on the real particles because the latter couples to conserved quantities, 
otherwise nothing could guarantee that the two are equal. Once again this demonstrates that 
this theory only addresses the response of conserved quantities. 
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By means of Eq. (1.15) we find that 

Qffi ^ dTt 

5n ka = 5n ka - V f ka v a > 5n k , a/ = - —^5fi a , (1.29) 
<9e k <9e k 

k'cr' 

showing that the deviation from local equilibrium is the same as for free particles with dispersion 
e k in the presence of the field. 

Compressibility 

The compressibility k is defined by 

1 dV _ 1 dn 

where n is the total density. Since a variation in the total density of particles coincides with the 
variation in the quasiparticle one, we find through (1.20) that 2 

Sn = - <W = y 5 P* 

ko- k 

: ^<Voo = ^=M -^-g = Sn. 



The variation Sn with respect to a variation of chemical potential is the same as for free particles 
with density of states M, namely 

Ojl 



Therefore we finally obtain that 



' A ' «(°), (1.30) 



where «(°) is the compressibility of the original free particles which have density of states AA ) . 
Magnetic susceptibility 

A magnetic field B, e.g. in the z-direction, introduces a Zeeman term in the Hamiltonian 

5H = -g^ B B±(N^-N l ), 



2 Note that 

47T ' 



Foo(n) 
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where N a is the total number of spin-cr electrons, that acts as a difference of chemical potential for 
spin up and down electrons: 5^ — 5^1 = g \ib B. Since the total magnetization is also conserved, 
the quasiparticles acquire the same difference in chemical potentials. The magnetization per unit 
volume 5m can therefore be calculated by the quasiparticles through 

5m = gii B ^^5n] i] -5n ]i] =g^ B ^ s ^5al.=g^Bj^M5cf^ 

k k 

1 \ r <^00 & m 
= /////,-— =.V 



Once again, since the local equilibrium magnetization 5m is equivalent to the response of free 
particles with density of states M, instead of A/o as for the original particles, we obtain that the 
magnetic susceptibility \ is 

5m 1 N_ (0) 
X 5B i + F f M (o) x ' ^ 6L > 

where is the susceptibility the original free-particles. 



1.3 Quasiparticle transport equation 

Let us suppose to perturb the Landau-Fermi liquid by an external probe that varies in space on 
a wavelength 1/q and in time on a period 1/uj. If 

q <C kF, oj ^ fi, 

where Jzf is the Fermi momentum (e(kp) = m), the probe will affect only quasiparticles extremely 
close to the Fermi-sea. In this limit, we can safely adopt a semi-classical approach and introduce 
a space- and time-dependent density of quasiparticle occupation numbers at momentum |k| ~ &p 

n k(T (x,f), 

and its space and time Fourier transform 

n kCT (q, u). 

Fixing both coordinate x and momentum k is allowed in spite of the Heisenberg principle 
Ax A A; ~ 1, because 

Ak ~ - — ~ q <C kF, 
Ax 

so that the quantum indeterminacy of momentum Ak is much smaller than its typical value kF- 
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Since the quasiparticle occupation number is not a conserved quantity, its density should 
follow a Liouville equation 



<9n kcr (x, i) <9n kcr (x, i) dx dnu a (x,t) <9k . 

where / kcr (x, is a collision integral and corresponds to the transition rate within a volume dx. 
around x of all processes in which quasiparticles have a transition from any other state into 
(k, a) minus the transition rate of the inverse processes. 

In the absence of the external probe, quasiparticles are at equilibrium and their density is 
uniform. Once the probe is applied, the density deviates from its uniform equilibrium value and 
acquires space and time dependence. In general the external force that acts on the real particles 
can not be identified with the force felt by the quasiparticles unless the external field couples to 
a conserved quantity. This is the case of a scalar potential coupled to the charge density, or a 
magnetic field that couples to the spin density. In those cases, the deviation from equilibrium 
of the energy becomes non-uniform hence can be generalized into 

SE(t) = J dx 6E(x, t) = Y, J dx ( £ k + V a (x, t)^j 5n kCT (x, t) 

+ 2~5Z5Z / dxrf y fa k ff (x, i)/kak'CT'( x_ y)^kv(y,i), (1-33) 

kk' aa' 



where V a (x,t) represents the action of the external probe, V\ = Vj, for a scalar potential and 
= — Vi for a magnetic field, and we assume that the quasiparticle interaction is instantaneous 
and only depends on the distance. The above expression provides also the proper definition of 
the quasiparticle excitation energy as 

e ka (x,t) = e k + V a (x,t) + / dy/k CT k'a'(x-y)<5n k v/(y,f). (1.34) 

For neutral particles we can assume that 

ik CT k'a'( x - y) = /ko-kv <5(x - y), 

in which case 

eka(x,t) =e k + K(x,t) + ^ /ko-kV Snu a r(x,t). (1.35) 

k'o-' 

By means of the Hamiltonian equations for conjugate variables 

dx _dH dk _ OH 
~dt~~dk 1 ~^t~~~^x~ , 
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Eq. (1.32) can be finally written as 

On k(J (x,f) Ora ko -(x, t) Oe ko -(x,£) _ Ora ko -(x, t) Oe k(7 (x, t) _ 
dt Ox Ok Ok Ox 

At linear order in the external probe V a {pc,t), the occupation density 

n k(T (x, i) = n k(7 + <5n kcT (x, i), 

and, consistently, 



/ kCT (x,t), (1.36) 



e k(T (x,t) = e k + 6e ka (x,t), 



where 



<5e ko -(x,t) 



<5£ 



k'cr' 



<5w k(7 (x,t) 

Consequently, the linearized transport equation (1.36) reads 
dSn ka (x,t) ddn ka (x,t) 0e k Ora k 0<5e kcr (x, i) 



e k = K (x, t) + ^ / kCT k / CT / 5n k / CT / (x, t) . 



9* 



Ox 



Ok Ok 



Ox 



0<5n kCT (x,i) Oc)n ko -(x, i) 0e k Ora k 



Ot 



+ 



Ox 



Ok Ok 



dV a (x,t) ^ 0(5n k / CT /(x,t) 
^x~ + ^ /kffkV Ox 

k'cr' 



05n k(T (x, t) 05ra k(T (x,t) 0e k 



dt 
0n k 0e k 
0e k Ok 

05n k(7 (x, t) 



+ 



Ox Ok 

0T4(x,t) ^ 0<5n k / CT /(x,t) 

^ + 2^ TT- 



Ox 
+ v k - 



k'o-' 

0<5n kcr (x,t) 



v k 



0e k 

_ 0£n kcr (x, t) 
Ot 

4a (X, t) , 



0V r CT (x, t) ^ f dSn k ' a '(x,t) 

x r > J" k(T kV ^ 

Ox Ox 



0<ki k(T (x,t) 0n k 

+ v k + v k • F kCT (x, t) 

Ox Oe k 



(1.37) 



where 



v k 



Qgk 
Ok 



is the quasiparticle group velocity. The Landau transport equation (1.37) resembles the con- 
ventional Boltzmann equation apart from the fact that the effective force F k(T (x, i) depends 
self-consistently on the occupation density. 
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1.3.1 Quasiparticle current density 

Let us set V(x,t) = in (1.37). We note that 

— ^2 5n k(T (x,t) = <yp(x,t), 



kcr 



where <5p(x, i) is the deviation of the density with respect to the uniform equilibrium value, and 
moreover that 

( X >*) = ' 



kcr 



by particle conservation (recall the meaning of the collision integral /ko-)- Through Eq. (1.37) 
and using the relation (1.29) between the deviations from global and local equilibrium, we find 
the following equation for the evolution of <5p(x, t) in the absence of external probes: 



c%>(x, t) d 1 v-^ 



at 



dx V 



kcr 



(5n k(T (x,t) - — — ^2 f kak > a i 6n k , a >(x,t) 
Ck kV 



kcr 



(1.38) 



Since the integral over the whole space of Sp(x, t) is the variation of the total number of real 
particles, which is conserved, then 5p(x.,t) should also satisfy a continuity equation 

d6 P (x,t) | ai(x,t) =Q 



dt 



that allows to identify the current density J(x,t) (note that, at equilibrium, the current is zero 
hence J(x, t) = <5J(x,t)) 



J(x, t) = ^ ^ v k 5n k<x (x, t ) 

kcr 



5n kCT (x,f) - 



kcr 
kcr 

= E ^k<x(x,t) J kCT - 

kcr 



<9< 



9 E ^ k(T k ' CT ' 5rik ' CT ' ( x ' * ) 



Vk 



kV 



kcr k', 



<9e k ' 



(1.39) 



This equation shows that the actual current matrix element J k(J is not the group velocity v k - the 
moving quasiparticle induces a flow of other quasiparticles because of their mutual interaction. 
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We observe that at very low temperature 

dn\, c , _ df (e k / - n) 



- S (e k ' - AO , 



<9e k / <9e k / 

namely k' lies on the Fermi surface. If the system is isotropic, then on the Fermi sphere 



v k 



<9k 



Vf 



k k,F k 
Ikl Ikl ' 



with vf and m* the Fermi velocity and effective mass, respectively, of the quasiparticles. Us- 
ing an expansion like (1.16) in terms of spherical harmonics we find that, for instance the 
z-component of the current density, J z , is 

Jz(x,t) = ( v k) z <5n k(T (x,f) 

kcr 

1 . k 

kcr £m 

— cos9Y lm (n) 



VF_ 

2 



? M6p 10 (x,t) = -^£=M 1 + ^-1 «x,t) 



2 V127T 



2 v 7 !^' 



3 



.,(0) 



,(°) 



2 V / 12^ 



Af6pi (x,t) 



(1.40) 



where v^ -* is the group velocity of the free particles on the Fermi surface 

r„) _ ae(°)(|k|) _ (o) k _ fc F k 



ak 



Ikl m Ikl 



(1.41) 



The x and y component can be found analogously and involve combinations of <5ni + i(x, t) 
and <5ni_i(x, t). Therefore in general it holds that 

J(M) = (l + f) ^E^n^x,*) 

V F V / kcr 



Jt \ i 



(0) 



3 / V 



(1.42) 



kcr 
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As a concluding remark we notice that we could also follow the same analysis in connection with 
the spin-current density, the only difference being that Ff would be substituded by Ff 4 . 

Translationally invariant systems 

In a system that is not only isotropic but also translationally invariant, the current matrix 
element is 

t _ k 

J k — — , 

m 

with m the mass of the real particles. Since the current is conserved, the total current per unit 
volume must be given in terms of quasiparticles by 



1/ ^— ' mi 



V 1 — ' m 

kcr 



2m v / 12^ 



AfSp 



10- 



(1.43) 



Comparing (1.43) with (1.40) in the case in which the current density, hence the occupation 
density, are constant in time and space, i.e. J 2 (x, t) = J z and Spio(x, t) = <5/?io, we conclude 
that, when translational invariance is unbroken, like in 3 He, the following relation holds 



m 6 



(1.44) 



namely the effective mass and the Landau parameter Ff are not independent. 



1.4 Collective excitations in the collisionless regime 

The collision integral in the transport equation determines a typical collision time r. If one 
is interested in phenomena that occur on a time scale smaller than r, namely on frequencies 
uj ^> 1/t, then the collision integral can be safely neglected and the transport equation (1.37) 
in frequency and momentum space becomes 



(w-q- v k ) 6n ka (q,uj) + q • v k 



<9e k 



y CT (q,u) + ^ fkak'a' 5n k / CT / (q, cj) 

k'cr' 



= 0. 



(1.45) 



The solution of this equation in the absence of external field gives information about the collective 
excitations of the quasiparticle gas. These excitations can also be thought as collective vibrations 
of the Fermi sphere. From this point of view, let us suppose that, along the direction identified by 
the Euler angles (6,4>), the z-axis being directed along the momentum q, the Fermi momentum 
kp = hp (sin 6 cos 4>, sin sin (j), cos 0) for a spin a quasiparticle changes into 

kpv = (^kp + u a (9, (p^j (sin 9 cos (f>, sin 9 sin <j), cos 6) , 
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as if 

kFa(0, (f>) = kF — > kFa(0, <f>) = kiF + Skp(9, a) = kF + u a (0, (f>). 

The occupation number for a spin a quasiparticle with momentum k = k (sin 9 cos </>, sin 9 sin </>, cos 9) 
changes accordingly as 

dn° 

n k(T = ~ 6> (fc - fcir CT (6», 0)) -> n k(T = n k(T - 5k F = n k(T + Jn k(T . 



We note that 



<9n k 

dn k(T = — — e)kp 
Inserting (1.46) into (1.45) with F = 0we get 

8n° 

(uj-vpq cos 9) u a (9,<f>) + v F q cos 9 V / kCTk , CT , ^(0', 0') = 0. (1.47) 

k'cr' K 

For small vibrations of the Fermi sphere, we can assume that fkvk'a' only depends on the angle 
between k and k', fkak'a' = faa' (^kk')> their modula being equal to the equilibrium value of 
the Fermi momentum kF- We note that, since 



<9e k / 
it follows that 

trz, ae u J ^tt 



kV 

X \ j ^ kk '' ) U<J ' 



where, generalizing Eq. (1.22), the F-parameters are defined through 

{9w) = VN Us (0 kk >). 



If furtermore we define, for spin-isotropic models, 



U S = U1;+U I , U A = U1;-U l , 
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we find, denning A = u/vFq, the following equation 

(A - cos 6> k ) u s '( A )(6 , k , </> k ) - cos 6* J ^F S(A) (^) ^(^,^) = 0. (1.48) 
We write, dropping the indices S and A, 

Im 

1 

so that Eq. (1.48) can be re-written as 

= 0. (1.49) 



Ulr, 
Im 



r\ a \ cos6 * k 77 

(A-cos^-^F, 



Since 

cos0 = J —Y 10 (6,4>), 

I is not a good quantum number of Eq. (1.49), while m is. In particular m = corresponds 
to longitudinal vibrations of the Fermi sphere, m = 1 to dipolar vibrations and m = 2 to 
quadrupolar ones. We observe that a solution of (1.49) at u> = would imply that a deformation 
of the Fermi sphere would be cost-free, namely that the Fermi sphere is unstable. At A = 0, / is 
a good quantum number, so that a A = solution of (1.49) occurs whenever there is a value of 
I such that, see Eq. (1.23), 

p S{A) p S{A) 

S(A) 

which is the condition for the instability of the Landau-Fermi liquid. We note that, since F l 
is generally non zero, the instability implies a singularity of the Landau ^-parameters. 

1.4.1 Zero sound 

Let us assume, as commonly done, that only and F^^ are not negligible, and study 

Eq. (1.49) for longitudinal vibrations, m = 0. In this case, dropping for simplicity the labels S 
and A, we obtain 

(A - cos 9) u{9) = (A - cos 6) Y lm (0 k , k ) u\ m = cos 9 F Y 00 u 00 + F 1 Y 10 u 10 . (1.51) 

Im 
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We define, 



C = 
D = 




1 

47T 

i /T 

3V 4^ 



and, by noting that 

we get the formal solution 

In terms of this solution 




^oo = \ -r- > cos ^ 



47T 



C cos# + L> cos 2 # 




i nr 



A — cos ( 



<m C cos6 + D cos 2 9 



where 



= Ch + DI 2 , 

dQ n C cos + D cos 2 6» 

-; — cos 9 

47T A — cos V 

Ch + Dh, 

- 1 dz z n 



.! 2 A- z 

Therefore the self-consistency condition that has to be satisfied is 

C = F (Ch + DI 2 ), 
D = F^Ch + Dh), 



which have a solution if 



By realizing that 



1 = F (I 1 +F 1 



T 2 



1-F 1 I 3 



A /A+ 1 
2 V A - 1 



A/i, 

Is = -l + \ 2 h, 



h 
h 



(1.52) 
(1.53) 



(1.54) 



(1.55) 

(1.56) 
(1.57) 

(1.58) 
(1.59) 

(1.60) 
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we finally get that (1.60) is satisfied if 



1 = (Fq + A 2 ^) h, 



(1.61) 



where, by definition, 
We note that, for A < 1, 



A, = 



1 + Fi/3 



h ^ -l + A 2 -i|A, 



has a finite imaginary part. This implies that the frequency oo that solves (1.61) is necessarily 
complex, hence that it does not correspond to a stable collective mode but rather to a damped 
one. Therefore the only stable solutions of (1.61) must correspond to A > 1. 



For A ~ 1 + 6X, with < 6X < 1, 



leading to 



<5 A ~ 2 exp 



1 e 2 5X 
— m . 

2 2 ' 



2 1 + 



(1.62) 



which is consistent with the assumption 5X <C 1 only if 

< F + A x < 1. 

In other words, when the Landau parameters are positive and very small, the stable collective 
modes propagate like sound modes with a velocity 



v ~ vf 1 + 2 exp 



2 1 + 



1 



slightly larger than the Fermi velocity. These modes correspond to a deformation of the Fermi 
sphere of the form 

C cos 6 + D cos 2 
U(0) " 1-cosg + JA ' 
that are strongly peaked to 9 = 0, namely in the direction of the propagating wave-vector q. 

In the opposite case of A » 1, 

,11 

Ji ~ 1 

1 ~ 3A 2 5A 4 ' 
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and the solution of (1.60) is readily found to be 



*-*H? + *)( i+ *)- 

that requires the right hand side to be positive and much greater than one. Again this solution 
describes collective modes that propagate acoustically with a velocity this time much bigger 
than vp and that correspond to a deformation of the form 

C cos6 + D cos 2 6 
u ( e ) - 7 , 

that involves the whole Fermi sphere. 

These collective modes that may emerge in the collisionless regime and propagate like sound 
modes were called by Landau "zero sounds", as opposed to the first sound that exists in the 
collision regime. The existence of these new modes of a Landau-Fermi liquid depends on the 
quasiparticle interaction parameters F, that act as a restoring force absent for non-interacting 
electrons. Usually, for repulsive interactions, Fq is positive and F^ negative, while A^ A ^ is 
neglibible. 3 In this case only charge zero-sound, i.e. a Fermi-sphere deformation in the channel 

u s = n T +u h 

is a stable collective mode, while a spin zero-sound in the channel 

U A =U T - It;, 

is not. 



1.5 Collective excitations in the collision regime: first sound 

For frequencies much smaller than the typical collision rate, the collision integral can not be 
neglected anymore and, as a result, any deformation of the Fermi sphere is destined to decay. 
The only exceptions are those excitations that correspond in the limit q — > to conserved 

3 For repulsive interaction, the effective mass m* increases with respect to the non-interacting system - the 
quasiparticles move more slowly than free ones. Furthermore, the magnetic susceptibility increases even more, 
since the slowed down quasiparticles with opposite spin repel each other, hence can react quite efficiently to a 
magnetic field. On the contrary, the compressibility n decreases, as adding particles costs more energy. Since 

K 771* 1 X _ m * 1 

«(°) m 1 + F ( f X (0) m 1 + Fq ' 
if follows that F S > -1 + m,/m > and F ( f < 0. 
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quantities, in particular to charge and momentum densities, in which case it is guaranteed 
that X^ko- ^ko- = Sko- k/ko- = 0. Charge and momentum density excitations correspond to 
deformations of the Fermi sphere in the symmetric S'-channel and with angular momenta I = 
and I = 1, respectively, and m = 0. Through Eq. (1.49), the excitations in this regime satisfy 
the equation 

= (cos 9 - A) Y 00 (Q) u 00 + (cos 9 - A) Y w (tt) u w 

+F 5 cos6Y o(n)uoo + F? cos6Y 10 {n)u 10 . (1.64) 

Note that this equation differs from Eq. (1.51) for the zero sound because in that case Fq and 
F\ are assumed to be non-zero, but the u{9) solving the equation has all /-components, unlike 
in this case. To solve (1.64), we multiply both sides once by loo(^) and integrate over the solid 
angle 0, and do the same multiplying by Yiq(Q), thus obtaining the following set of equations: 

-Auqo + fl + «io = 0, 



^ (1 + if) "oo -A mo = 0. 



This set of equations has solution if 



which corresponds to acoustic waves propagating with velocity s, where 



s 2 



4 (1 + if) (l + • (1-66) 



One can readily realize that this is the ordinary sound velocity compatible with thermody- 
namics. Indeed, when local thermodynamic equilibrium is enforced by collisions - the hydrody- 
namic regime - the equations of motion for the charge density, p(x, i), through the continuity 
equation, and for the velocity field through the pressure P(x, t), 4 

= -n — 1 + ^- V-v(x,i) 



dt m* V 3 

(x, 
dt 



mn ^A = -VP(x,t), 



*We assume that the particle velocity field is related to the current as in Eq. (1.42), where by definition 

n v(x, t) = ^2 v^ 0) 5n kCT (x, t) . 
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with n the average density, can be solved using the thermodynamic relation 

dP 1 

<yP(x,t) = —5p(x,t) = —6p(x,t), 

Op XI 

where k is the thermodynamic compressibility. The solution gives ordinary sound with a velocity 
that coincides with (1.66). 



1.6 Linear response functions 

An external field induces deviations of the quasiparticle occupation numbers, and the linear 
relation between these deviations and the field responsible for them are the so-called "linear 
response functions". Let us go back to the transport equation (1.37), and assume in what follows 
that the collision integral is negligible. After space and time Fourier transform, Eq. (1.37) is 5 

(q ■ v k - u) 5n kCT (q, u) - q • v k ^ / k(T kV / bn Vu , (q, lo) 

k kV 

= q-v k ^V CT (q,u,). (1.67) 

We stress once more that the external field that enters this equation can be identified with 
the actual field acting on the true particles only if it refers to conserved quantities, hence the 
charge, in which case 

^(q,w) = ^(q,w), (1.68) 

and the spin, 

Vfau) = -Vfau). (1.69) 



5 In deriving the transport equation we assume implicitly the system to be initially, for instance at time 
t — ► — co, at equilibrium. This implies that the external field that moves away from equilibrium must initially be 
absent, i.e. V(x, t — > — co) — > 0. A simple and convenient choice is to represent, for all times before the measure, 
performed e.g. at t = 0, an externel field that oscillates with frequency co as 



V(x,t) = V(x,w)e 



-i lu t+r] t 



with r\ an infinitesimal positive number. Consequently, the response of the system must follow the same time 
behavior, i.e. 

5n kCT (x, t) = <5n kCT (x, to) c~ ! w t+v ' , 
so that the time dependence cancels out from (1.37). When taking the time derivative, 

^ '- =-i(uj + IT)) <5n kff (x, lo) c +v , 

which implies that the frequency w has to be interpreted in whatever follows as lo + irj. 
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Let us write 



<5n ko .(q,u;) = - 



-*^-£4*.<q,«), 
q v k -a; <9e k 



through which Eq. (1.67) transforms into 

^ka(q,^) - ^2 /kak', 
kV 

= -K(q,^)- 

1.6.1 Formal solution 

Let us write Eq. (1.71) in matricial way like 

i-fk 

where the matrices have matrix elements 



q • v k / <9n£, 



q • v k / — uj <9e k / 



X = -V, 



-f kcrk'cr' = <W <W , 
/kcrk'cr' = /kcrk'cr', 



Kka k'cr' 



q • v k <9n£ 

■ Okk' Oo-o-i , 



q • v k - u> <9e k 



and the vectors X and V 



(X)^ = X kCT (q,u,), 



V) = K(q,^). 

kcr 



The formal solution of (1.72) is 



X 



I-fK 



V. 



Let us suppose to introduce another matrix A, with elements 

(A) = A^ uVu ,{(\,u>), 

\ / kcrk'cr' 

that satisfies the set of equations 

'i-fk] A = f. 

One readily derives from this equation that 



A 



I-fK 



f, 
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hence that 



AK 



I-fK 



-l 



fK 



I-fK fK-I+I 



-1 + 



In other words 



so that 



I-fK 



I-fK 



X 



AK + I, 



(1.76) 



I + AK 



that explicitly means 
hence that 



Via' 



<^kk' <W + -4k<TkV'(q,w) 



v, 

q • v k / dn9, 



qv k dnl sr \ — 



re' L 



q - Vk' dn k , 
q • v k ' — uj dew 



(1.77) 



V^(q,w), (1.78) 



that is the formal solution of (1.67). The funtions A>fco- k'o-' (Qj w ) are the so-called quasiparticle 
scattering amplitudes. We define as usual 

A kak > a (q,uj) = A^ k ,(q,u) + A^ kf (q,u;), 
-4k<7k'<7'(q,w) = ^ k ,(q,w) - A^ k ,(q,u), 

with a 7^ o"'. We also introduce a vertex X a that, in case of a scalar potential V^(q, w) = V(q, to), 
is defined as 

K = i, 

while it is 

for a Zeeman-splitting magnetic field 



F CT (q, w) = V(q, w) (<5 ctT - 5^) = V(q, w) V 



Upon multiplying both sides of (1.78) by the corresponding vertex and summing over k and 
a and dividing by the volume, we find that the charge, <5p(q, u), and spin, <5cr(q, u), density 
deviations at linear order in the corresponding fields are given by 



Sp(q,u) 



X S (q,uj)V(q,io) 
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£<7(q,w) = x A (q,^)^(q,^), 

where 

k q ' Vk ~ W k L \j q • v k / - a; <9e k / 

Thus — x 5 (q, w) is the dynamical compressibility re(q,u;), while — x j4 (q, dynamical spin- 
susceptibility. 

Limiting cases 

We readily realize that, if (7 = and then the matrix K = 0. In this case A = f, namely 

AfcTkvtO.w) = / k(TkV '. (1-80) 
In the opposite limit, q ^ and cj = 0, Eq. (1.75) reads explicitly 

^ko-k'o-'iq) ) ~ 2^ fkapa -q^~ ApaKvifa, 0) = /pakV, 
pa P 

showing that A kCT k / CT / (q, 0) is independent on q. By writing 

VATAwAtl, 0) = E P ' (^) W ± A fl > 
i 

where the + sign refers to a = a' and the — one otherwise, one readily recognize that Af and 
Af coincide with the Landau ^4-parameters of Eq. (1.23). 

1.6.2 Low frequency limit of the response functions 

For frequencies u <C VFq, we can expand ^ko- kv (q, as 

^kCTk' CT '(q,^) = 4 ff kv(q,o) + ^k<7kv(q 1 w), (i.8i) 

where <L4 vanishes linearly at u = 0. We note that 

q • v k = l w 



q • v k - u q • v k 

so that the linear variation 5 A has to satisfy the equation 

^kak'a'(q^) - 2^ /k CT pa^ ^pak' CT '(q> w ) = 2^ /kapa^ -4p« kV (q, 0) . (1.82) 

pa pa ^ £ P q ' V P 
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The integral over Q p of the function (q • v p ) _1 is singular, hence we need some regularization. 
Indeed, as discussed in the footnote [5], the frequency lo above is actually to + irj, with 77 an 
infinitesimally small positive number. Therefore 



q- v k 



q - v k 



q • v k — lo q • Vk — to — irj 



1 



LO 



q • v k - it] 



l + i7r<5(q- v k ) +V 



LO 



q - v k 



where V indicates the principal value. Therefore, within the S and A channels, Eq. (1.82) 
becomes (the principal value averages to zero hence does not contribute) 

„) - 2 Y, C (* = E C ^ « (o ■ v P ) ^> (q, o). 

p p p p 

(1.83) 

At first order in lo, Eq. (1.79) becomes (we drop the indices S and ^4) 

2 v-^ dril \ , \ dn^i 



1 dn 
+2TTicoyYl S ( f l- v k) -q^ 1 + 2 Y1 ^kk'(q,0) 



k 

, . 1 v-^ <9ra k <9ra k , 
+4«w-^ 15 Ji 1 ^A kk ,(q,0) ( 5(q-v k O 



<9n k , 
Sew 



+4e 



<9ra k <9ra k , , 
c <5A kk ,(q,u;). 



c>e k de k 



(1.84) 



Since 



/ 



/ — o {qvF cos t/j 

y 47r 



2qvF 



it follows from Eq. (1.83) that 
d^ k cftl k 



/ 



4tt 4tt 



<r a / \ f dSlp cZf2 k ' / x • 1 1 , 
dA kk /(q,cj) + F / — M pkl q,u = — kilo— ? F A , 

J 47T 47T ' l/jv 2qVF 



namely 



/ 



dQ k d^ k / 1 
— — 6 Aw (q, = -7T i lo 

47T 47T 



^0 



VM 2qv F 1 + F C 



■ 1 1 A2 
A = -IT I LO —— Aq. 

VN 2qvF 
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Therefore Eq. (1.84) is found to be 



X(q,u;) ~ -N (1 - A 



-iir-^N (l-A ) 
2qvp 



+17T- M A 

Iqvp 
-in-^—N Al 



2qvp 



l + F 2qv F 



in- M(l + F y\ (1.85) 



1 + F 2qv F 
1.6.3 High frequency limit of the response functions 

Let us now consider the case u> 3> vf q — ► when (again the S and ^4 indices are not explicitly 
shown) 

A p k>(<i,u) = / kk /. 

In this case 

q - Vk _ q vk _ (q- vk) 2 

q • v k - co uj ijo 2 

and, since the angular average of q • v k vanishes, the response functions are 



/ « n 2 v-^ dm. . 

x(q-o |W ) = 

k K 



2 



4 / \ / . <9n k <9n k , , . r 

+ ^T7 E • v k <1 • v k' tt 1 77^ /kk- li 
^ v ^ de k «e k / 



We note that 



k 



|E^^/-( q v k ) (q .v k ,) . 

kk' K K 



X 



^2 F i J cos #k cos 6» k / ^ (6» kk /) 
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\ r 2 2 77 f <^k' 



Ho (0 k ) ^^10 (M YL (*k) >Sm (M 



Therefore Eq. (1.86) is 



x(q^O, w )=AA^ + y )■ (1-87) 



In a system that is also translationally invariant, besides being isotropic, in the S channel 
the following relations hold 

m*k F mk F ( F 1 
N = — = —T 1 + "T 

TT Z TT Z \ 3 

k F k F (-. , ^lV* 

v F = — = — ! + ^- 

m* m \ 3 



n 



hence 



in agreement with the /-sum rule. 



kp 
3^' 



9 

K (q^O,u,) = -\, (1.88) 
m to 2 
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1.7 Charged Fermi- liquids: the Landau-Silin theory 



Now, instead of a neutral Fermi system, let us consider a charged one and discuss how all previous 
results change. The first thing to note is that the quasiparticle interaction / k(T k'o-'( x ~~ y) i n 
Eq. (1.33) will now contain, besides a short range contribution, also a long range Coulomb one, 
so that can be assumed to be of the form 



A CT k'a'( x - y) = /k«rkv £(x - y) + | x _ y | - ( L89 ) 

Another novel feature that we have to take into account is the possible presence of a transverse 
electromagnetic field. If the system is translationally invariant or if inter-band matrix elements 
of the current density are negligible, the role of a transverse field is that the conjugate momentum 
is not anymore k but 

K = k- -A(x,t), 

c 

where A is the transverse vector potential felt by the real electrons. Thus the quasiparticle 
occupation density in the semi-classical limit can be still parametrized by nK<r(x, t). Therefore 

/ dn Ka (x,t) \ f dn ka (x,t) \ e dn ka (x,t) dA(x,t) 

V dt ) Kx \ dt J kx + c dk " dt ' 

/ dn K(T (x, t) \ ( dn ko .(x, t) \ | e dre k(J (x,f) dAj(x,t) 

\ dx J K \ dx y k t— 1 c dki dx ' 



/ dn Ka (x,t) \ ( <9n kfT (x,t) 

We also note that, in the presence of A the quasiparticle excitation energy, Eq. (1.34), changes 
into 

e kCT (x, t) — »■ e K+eA / C(7 (x,t) = e k(J (x, t), 

so that 

de K+eA / ca (x, i) _ de ka (x,t) 
dK ~ dk 

is the proper quasiparticle group velocity. On the other hand 



v k(T (x,i), 



de K+eA/c (x,t) ^ e dAi(x,t) 
^ = L^iiMl-ftT 



dV a (x,t) ,^f,. , v 3rikv(y,*) 

+ 2^ / d y/kak'a'(x-y) 



ox J dy 

k'cr 
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Putting everything together we find the following transport equation for charged electrons: 
4<r(x,t) 



dra kCT (x, t) e <9n kfT (x,t) dA(x,t) 
dt c dk ' dt 



+VkCT(x ' t} • ~ &T" + ? W*. *) - — q— 



<9x 

<9n k(T (x,t) rdV a (x,t 



dk 



9x 



-E 



e <9n kfT (x, t) 

C <9fcj 



^k<ri(x, 



+ / d y/kakv(x-y) 

kV ^ 

a^(x,t) 



fakv(y,t) 
3y 



We note that the two terms with the can be written as 



E 



13 



e 9n k(T (x ,t) 
c 9fc,- 



<9A(x,t) 0A,-(x,*)- 



<9n k(7 (x,t) 



= (vka(M) X H(x,t)) • , k . 

where 

H(x,i) = V x A(x,i) 
is the magnetic field. Since the external transverse electric field is 



E(x,t) 



1 3A(x,t) 

c 



at 



the final expression of the transport equation reads 



/k.(x,t) = ^^ + v kCT (x,t).^^ 
dt ax 

9n ko -(x,f) r<9V;(x,t) 



9k 

dre kCT (x,t) 
Ok 



<9x 



k'cr' 



+ / d y/kCTk'a'(x- ^ 



dn k y (y,t) 
<9y 



■E(x,t) - ^ (v kCT (x,t) x H(x,t)) 



dn k(T (x,t) 
9k ' 



(1.90) 



Let us now expand the transport equation (1.90) at linear order in the deviation from equi- 
librium 

^k CT (x, t) = n k(7 + <5n kf7 (x, t). 
First we assume an ac electromagnetic field acting as a perturbation, in which case 

dn kCT (x ,t) 
dk 



-- (v kCT (x,t) x H(x,t)) • 



~-^(v k xH(x,t)) 



9n!! 



9k 
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(v k xH(x, ( )).M Vk 



0. 



This shows that an ac magnetic field does not contribute to the linearized transport equation, 
that becomes 



ddn ka (x,t) dSn ka (x,t) 

Acerl*)*) = 57 l" v k 



dt 



dni 



'a Vk ' 

cMn kfT (x,t) 

at 

9n k 



d: 

dV ff (x,t) 



x 



eE 



+ v k 



9x 

d<5n k<7 (x,i) 



(x, i) - ^2 d y fleer kv (x - y) 

k'cr' ^ 



<9<5n k / CT / (y,f) 



9y 



<9x 



+ <9e k 
where we recall that 



v k • 



- eE(x, t) 



(1.91) 



9n° k 



<5n kcr (x,f) = <5n k(7 (x,t) - ^ y dy / kc r k ' CT '(x ~ y) ^k'<r'(y. *). 

k'cr' 

is the deviation from local equilibrium. 

In the presence of a dc magnetic field H(x), a subtle issue arises in connection with the 
Lorenz's force term 

e / , „, .A <?n k(7 (x,i) 



v k(T (x,t) x H(x,t) 



<9k 



Indeed, a dc field, unlike an ac one, can be assumed as integral part of the unperturbed Hamilto- 
nian and, if large, can be taken as a zeroth order term, H(x) = Ho(x). This requires to expand 
at linear order v kcr (x, t) and <9n kcr (x, t)/dk, 

v kcr (x,t) ~ v k(T + 2^ rfy™- /kcrk' CT '(x - y) - 



k'cr' 



(9n k(T (x,t) _ <9ra k d<5n kCT (x,f) 



9k 9k 

leading to the transport equation 



<9k 



95n kcr (x,t) <95w k(T (x,t) 
7 k(T (x,tj = — +v k — 



+ 



<9e k 



v k • 



9x 



C E(x,t)] " ^ (v k x Ho(x,t)) • g ^(x,t) (L92) 



which is the appropriate one to discuss properties like magnetoresistance, cyclotron resonances, 
etc. However, in what follows we will not consider such a physical situation of a large dc field, 
hence we will just focus on Eq. (1.91). 
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1.7.1 Formal solution of the transport equation 

We note that, because of (1.89), 

/kk'(* " y) = f&>8 (x - y) + /&,(x - y) = f&,5 (x - y) , (1.93) 

showing that only the response in the S charge-channel is going to be modified by the Coulomb 
repulsion with respect to the previously studied case of neutral particles. Hence let us assume 
that 

V a (x,t) = -e<f)(x,t), 

is the conventional scalar potential and, neglecting the collision integral, let us write the trans- 
port equation for the charge deviation 

<5n k (x, t) = <5n kT (x, t) + £n ki (x, t), 

which is found to be 

d<5n k (x, t) <9(5n k (x, t) dnl r dd>(x,t) 

- + v k • — 2 — — v k • 

dt ' dx <9e k 

with 

dnl 



"^T^" 6 ^'^ = °' (L94) 



dn f 

5n k (x,t) = 5n k (x,t)-2^-±Yl J & fg kf (x-y)6n v (y,t). 
In the Fourier space 

dnl nt- .« , , , „ dnl 4vre 2 



5n k (q,u;) = 5n k (q,w) -2—^ V 5n v (q, w) - 2 — ± — =- <5p(q, w) 

de k ^ de k <^ 

<5p(q,w) = — ^ 5n k /(q,cj), 



k' 

is the deviation of the total charge density. We then find 

dn° 

(u- v k - q) <5n k (q,w) + 2v k ■ q ^ /kk'^ n k'(q^) 

€k k' 

-ie2-^v k -£(q, W ) = 0, (1.95) 
ae k 

where £ (q, oj) is the internal electric field felt by the quasiparticles, 

£(q,u>) = E(q,(j) - iq0(q,cj) + i47re ^ ^p(q> ^) 5 (1.96) 

that contains the external transverse and longitudinal fields as well as the longitudinal field 
created by the same quasiparticles. 
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Longitudinal response 

Let us assume a zero transverse field, and define as 

V(q,w) = -e<Xq,^) + -^5p(q,w), (1.97) 

the internal scalar potential. One easily recognizes that the response to the internal scalar 
potential is formally the same as for neutral particles, so that, by means of Eq. (1.79), we find 
that 

<yp(q,w) =x S (<1,u)V(c 1 ,lu) =x*(q,w)V(q,a;), (1-98) 

that also define the so-called "proper" charge response- function x*- Inserting the expression of 
V(q,u>), Eq. (1.97), and solving for <5p(q,a>) we finally obtain 

Sp(d,u;) = X *^> U) % W )E X (q )W )%a;)„ (1.99) 

Aire 

i n~ x*(q>^) 

that defines the "improper" response function x, which is the response to the external field, as 
opposed to the proper one, i.e. the response to the internal field. 

Eq.(1.99) provides the definition of the longitudinal dielectric constant e||(q, oj) as 

e|| (q, w ) = i-^- x .(q,w)- (i-ioo) 

In the limit u> — ► first and then q — ► 0, we can make use of Eq. (1.85) and find that 

47re 2 M 

lim lim eiifq, u) = lim 1 H ^ u — > oo, (1.101) 

H^o 11 VM ' y g 2 1 + F S 

which defines the effective Thomas-Fermi screening-length 

\tf = 



'* (1 + if) 



2 



V e 

In the limit q — > 0, we can use Eq. (1.87) to get 

that provides the definition of the conduction-band plasma-frequency 

= ^— - (i + y). (1.103) 
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as the pole of l/e\\(0,u). Note that, for a translationally invariant system 

2 Anne 2 
y m 

with n the electron density and m the real electron mass, that coincides with the conventional 
expression for the plasma oscillations. 



1.8 Dirty quasiparticle gas 

So far we have not taken into account the collision integral, that is however important at frequen- 
cies smaller than the typical collision rate. At very low temperature T, the main contribution 
to the collision rate comes from impurity scattering. Indeed, collisions due to phonons vanish at 
low temperature, as phonon occupations go exponentially to zero as T — > 0, as well as collisions 
due to scattering off other quasiparticles. 6 Taking into account only the scattering off (non- 
magnetic) impurities, and moreover assuming a short-range impurity potential, we can write the 
collision integral as 

I k(T (x,t) = -27T W kp n k(T (x, t) (1 - n p(T (x,i)) - n p(J (x,t) (1 - n k(7 (x, t)) 
p 

x<5(e k(T (x,t)-e pCT (x,t)), (1.104) 



6 An excited quasiparticle at e k > /i can in principle decay into a quasiparticle at momentum k' with e k / > /i 
plus a quasiparticle-quasihole pair, namely a quasiparticle with momentum p' with e p / > fi and a quasihole with 
momentum p and energy e p < fi. Because of momentum conservation k = k' + p' — p, and of energy conservation 

£k - V = (fk' - M) + (V - A*) - (ep - /-0 • 

The collision integral expressed through the Fermi golden-rule will have the general form (we discard for simplicity 
the spin label) 

/k = v^2 ^kpp'k' 8 (k + p - k' - p') 8 (e k + e P - e k i - e p /) n k n k / n p / (1 - n p ) , 

k'pp' 

where W is the modulous square of the scattering amplitude. Since one momentum is fixed by the momentum 
conservation, say p, the sum becomes a double sum over k' and p' with the condition that 

I fk' - Ml + I V - Ml + |«k'+ P '-k - Ml = |ek' - Ml - 

the last almost equivalence deriving from the fact that the energy variation with respect to the chemical potential 
of a quasiparticle excitation at temperature T is of the order of T itself. This implies that both (e k / — /i) and 
(e p / — /x) are positive but smaller that T, so that, by simple phase space arguments, the collision integral is found 
to decay approximately as T 2 . Extending this analysis, one readily realizes that any decay into a quasiparticle 
plus m quasiparticle-quasihole pairs occurs with probability T 2m . Therefore the collison integral due to scattering 
off quasiparticles is negligible at low temperaturs. 
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where the energy conservation involves, as it should, the true quasiparticle excitation energy 

5E 



e k(7 (x,f) = - — — — — = e k + V] / (iy/ k(Tk / CT /(x-y)(5n k / (T /(y,t). 



We note that 



«ko-(x, t) (1 - n pa (x, t)) - rc po -(x, i) (1 - n kCT (x, i)) £ (e k(T (x, f) - e pCT (x, t)) 
n kCT (x, t) - n pCT (x, t) 5 (e kcT (x, t) - e p(J (x, i)) 

"-k<r( x ^) ~ "- po -( x '*) + ^ko-(x, i) - 5n pcr (x, i) (5^e kcr (x, t) - e pcr (M)) 
«5n k(7 (x, t) - 5n pa (x, t) 5 (e kCT (x, t) - e pCT (x, i)) , 



so that 



^k<r(x, t) — -2tt ^k P Srik a (x, t) - 5n pa (x,t) <5^e kcr (x, t) - e pa (x,t)), (1.105) 



showing that the collision integral only depends upon deviations from local equilibrium. Within 
linear approximation 



7 kCT (x, t) ~ -2vr ^2 w k P 5"- k(T (x, t) - <5n p(T (x, t) <5 (e k - e p ) . 



(1.106) 



Let us write 



(5n kCT (x,t) 
so that Eq. (1.106) becomes 



i 

<9e k 



^2 Sn lm>7 (x,t)Y lm (fi k ) 



Zm. 



<9n : 



/ kCT (x, t) = n-^AfY^Wo 5n lm a (x, i) y im (fi k ) 



Zm 



9e k " 2/ + 1 

Zm 

Cfk , 7"Z 



(1.107) 
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where the inverse relaxation time is defined through 



1 

Tl 



ttN Wo 



2tt 



Wi 
21 + 1 



-^EWkp^k-ep) i-Pi(e kp ) 



(1.108) 



We note that 1/tq = 0. 

Therefore the transport equation in Fourier space and for the charge S component reads 



-ujSn k (ci,uj) + q- v k 5n k (q,u;) - 2 q • v k ^ / kk / <5n k /(q, 



to 



■ „ <9n k _ , . 
+ie2— ^v k -£(q,w) 
ae k 



9n£ 



^ — 5«-2m (q, lo) Y lm (n k ) 



* o^k ^ 77 

-Lo5n k (c[,Lo) + q- v k <5n k (q,w) +ie2— ^ v k -£(q,w), 

oe k 



where we recall that 



£ (q,w) = E(q,(j) + i47re ^ 5p(q,u;), 



(1.109) 



(1.110) 



is the internal field felt by quasiparticles, E including both transverse and longitudinal compo- 
nents, and we have defined 

dnP 

<5n k (q,w) = <5n k (q,u;) -2"^ X] /kk' 5n k'(q, w), 



as the deviation from local equilibrium excluding the long-range interaction. 



1.8.1 Conductivity 

We observe that 

-e5p(ci = 0,uj) = J dte iujt 5N(t), 

is the frequency Fourier-transform of the change in the total electron charge. If we assume that 
the system is mantained neutral at any time by a compensating positive ionic charge-density, 
then the q = component of the field generated by the electrons must be canceled exactly by the 
ionic field. In other words, 5p(q, lo) must not include any q = component, i.e. Sp(0,Lo) = 0. 
Thus, taking q = in (1.109) we find 

dn° dn Q 1 

-co 5n k {co) + ie2—±v k - E(w) = -i V - Sn lm (co) Y lm (fi k ) . (1.111) 
de k de k n 
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We observe that 



1 k 
Vk-E(w) = — k-E(u;) = — 

m* m 




Y w (fi k ) E z {u) 

+y 1+1 (n k ) ^(srH - + (n k ) -(^(w) + ^(w)) 

namely that only the / = 1 components are coupled to the electric field, so that the actual 
transport equation reads [dropping the label (l,m)=(l,m)] 



dn 

-lu 5n k (to) +ie2 v k • E(co) 



Since, for I = 1 deviations 



<9e k 



dn = 



■Sn k (uj). 



8n 



we finally get 



where 



8n*(u) = 2e^ (l + 1 x v k -E(o;), 



r = 



Tl 



The electric current is therefore 



J(uj) = ^2 v k 5n k (u;) 



5e k 



1 + 



—iu> H — 
r 



-Vk-E(w) 



1 + 



— iuj H — 
r 



— E(w) = <t(w)E(w), 



which defines the conductivity cr(a>). We note that 



vp kF k F 



n 



ir 2 3mt 



(1.112) 



(1.113) 



(1.114) 
(1.115) 
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with n the average electron density. Thus the conductivity is 



— f 1 • ) - J - T , (1.H6) 

/ — iuj H — 
r 



to* 



with a dc value 



This expression shows that the effective mass that controls dc transport is not to* but 

TO* 



which, for a system that is translationally invariant before adding the impurities, is just the 
real-electron mass to. 

1.8.2 Diffusive behavior 

Let us now consider a finite q such that vp qr <C 1 as well aswr<C 1, and assume a longitudinal 
electric field E||q, q taken to be along the z-axis. If we write 

dn° 

<5n k (q, u) = - ^2 Snim (q, Yim (^k) , 

and analogously for <5nk, we note that only the to = component is coupled to the external 
field. If we substitute these expressions for 5n and 5n into Eq. (1.109), multiply both sides of 
this equation by Y* Q (fik) and integrate over the solid angle, by means of 



2 

h0 I > 



where Cj° oz are Clebsch-Gordan coefficients, we find the following set of equations (we discard 
the label to = 0) 



uSni(q,uj) + qv F ^ ^ 2/ + 1 (^''O 10 ) (q, w) - 2 1 e « f ^£ (q, w) ^ = i 



n 

(1.118) 
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We observe that only / = 1 is directly coupled to the field, so that, for any / > 1, we find 

\ 



1 + 



21 + 1 / 



C'oio) *ni(q,w). 



' 21' + 1 
~2~[+ 



±(c 10 V 
^ 1 °2'oio I 



5n;'(q,o;) 



This implies that all deviations with / > 1 are driven by qvFTiSrii <C <5ni, therefore are 
negligible. What remains are just the components with I = 0, 1, satisfying the coupled equations 



- 5n (q, w)+qv F \/^ 5ni (q, w) 



= 0, 



to 



47T 



<5ni(q,o;) + gv F \/ -<5n (q,w) - 2iev F \ — 8 (q,w) 



<5ni(q,o;) 



whose solutions are readily obtainable: 



<5ni(q, w) = 2evF 




F? 

1 + 1T 



-IUJT 



IUJ — 



2 2 

q v f t 



£ (q,w), 



5n (q,w) = (1 + F 5 ) <5m(q,w) 



2 e 



1 + ^1 (1 + ^) 



— i qvp t 



£(q,w) 



Therefore the electric current is found to be 



J(q,w) 



— e ■ 



2V127T 



jV"(5ni(q, a;) 



4-ir 



VF \r 
= — e — ■ TV 

2v / l2^ : 



-iuj r2evF \ — 1H — 



IUJ 



2 2 

q v f t 



S (q,w) 
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ne 2 T ( Fi S \ iu „, 

— h + f i—^ «(q.") 



2 2 

r " 
2cj — 



ne 2 r / K 5 \ iuj 

<r(q,w)£(q,w), (1.119) 



where 

2 I i 



D = ^-(l + F$) 1 + ^- , (1.120) 
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is the diffusion coefficient. 7 Seemingly, the charge density is 

2v/47T 



1 + F,f iu- Dq z + lu z t 
We recall that, for a longitudinal field, 



1 . , —iDq „, 

— n 2 2 _ eg(q,^). (1.121) 



47T e 2 

-e£(q,w) = eiq0(q,o;) - i— ^- q<5p(q, w) = -iqV(q,w), 



7 Indeed this behavior is characteristic of diffusive modes. If £ (q, w) = 0, the two coupled equations reduce to 

'■' /T 

■ Sn (q,w) +qv F \j ^ <5ni(q,w) = 0, 

<5rii(q, w) 



1 + fo 

5fii(q,w) +qv F \ 5n (q,w) = 



If we multiply the first by jV/2\/47r , and the second by TV-uf ^1 + ^r- J /2y/l2n, we find 

- wWq)W) + ? £M = o 

J(q,w) D . . . .1 J(q,w) 

-a, ^ ; + g — g p q M = t _ > . 

—e t t —e 

The first equation is nothing but the continuity equation (the electric current is —e times the charge current j): 

dp(x, t) 
dt 

The second equation for ujt <JC 1 , gives 



+ V-j(x,t) = 0. 



j(q,^) = -iqD5p(<i,u>), 

namely that the charge current, 

j(x,t) = -DVp(x,t), 

is proportial to minus the space-gradient of the charge density, the proportionality constant being the diffusion 
coefficient. Inserting this expression in the continuity equation, we find 

showing that charge diffuses with equation of motion 

(— iu> + D q 2 ) 5p(q, lo) = 0. 
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where V is the internal scalar potential felt by the electrons. Therefore, 

5p(q,u) = k- 2 V(q,u), (1.122) 

too — D q + to t 

with k the compressibility. This equation provides an expression of the "proper" response 
function in the presence of disorder 

Dq 2 

X*(q, w) = k —j- — — , (1.123) 

loj — D q + co t 

hence of the "improper" one 

i — x*(q,^) 

q 
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Chapter 2 

Second Quantization 



The first difficulty encountered in a many-body problem is how to deal with a many-body 
wavefunction. The reason is that a many-body wavefunction has to take into account both 
the indistinguishability of the particles and their statistics, while any operator, including the 
Hamiltonian, does not have in first quantization such properties. Hence it would be desirable 
to have at disposal an alternative scheme where the indistinguishability principle as well as the 
statistics of the particles were already built in the expression of the operators. This is actually 
the scope of second quantization. 

2.1 Fock states and space 

Let us take a system of N particles, either fermions or bosons. The Hilbert space spans a basis of 
iV-body orthonormal wavefunctions which should satisfy both the indistinguishability principle 
as well as the appropriate statistics of the particles. The simplest way to construct this space is 
as follows. 

We start by choosing an orthonormal basis of single particle wavefunctions: 



Here x is a generalized coordinate which include both the space coordinate x as well as e.g. the 
z-component, a, of the spin, which is half-integer for fermions and integer for bosons. The suffix 
a is a quantum label and 



[The J dx . . . means Y^ a J dx. . . , while 5(x — y) = <5(x — y)5 aa t with x = (x, a) and y = (y, a')]. 
A generic iV-body wavefunction with the appropriate symmetry properties can be constructed 



4> a (x), a= 1,2, ■■■ . 



(2.1) 




^2<j>a( x T<t>a(y) = S(x-y). 



a 
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through the above single-particle states. Since the particles are not distinguishable, we do not 
need to know which particle occupies a specific state. Instead, what we need to know are just 
the occupation numbers n a 's, i.e. the number of particles occupying each single-particle state 
(f) a . This number is either n a = 0, 1 for fermions, because of Pauli principle, or an arbitrary 
integer n a > for bosons. Apart from that, the occupation numbers should satisfy the trivial 
particle-conservation constraint 



n a = N. 



Since the occupation numbers are the only ingredients we need in order to build up the A-body 
wave-function, we can formally denote the latter as the ket 



\ni,n 2 , 



(2.2) 



which is called a Fock state, while the space spanned by the Fock states is called Fock space. 
Within the Fock space, the state with no particles, the vacuum, will be denoted by |0). 

For instance, if the ./V fermions with coordinates Xj, i = 1, • • • , N, occupy the states cij, 
j = 1, • ■ ■ , N, with ai < a 2 < • • • < aAr, namely n a = 1 for a £ {cij}, otherwise n a = 0, then the 
appropriate wave-function is the Slater determinant 




A! 



4> ai (xi) 

(f>a 2 {xi) 
4>a N (xi) 



<t>ai (xn) 
(f>a 2 {x N ) 

4>a N {x N ) 



(2.3) 



which is therefore the first quantization expression of the Fock state |{n a }) with the same 
occupation numbers. The above wave-function satisfies the condition of being anti-symmetric 
if two coordinates are interchanged, namely two columns in the determinant. Analogously, it is 
antisymmetric by interchanging two rows, i.e. two quantum labels. 

On the contrary, if we have N bosons with coordinates Xi, i = 1, ■ ■ ■ , N, which occupy the 
states cij, j = 1, . . . ,M, M < N and a\ < a 2 < ■ ■ ■ < o,m, with occupation numbers n aj , then 
the appropriate wave-function is the permanent 



${n a }{xi,---,X N ) 



J2<t> ai (x pi ) . . . (f> ai (x Pnai ) 



( t > a 2 ( x Pnai + i ) ■ • ■ <Aa 2 ( x p nai +na , 2 ) • ■ ■ 

• • • 0a M ( X PN-n a +1 ) • • • ( X PN ) > 



(2.4) 



where the sum is over all non-equivalent permutations p's of the N coordinates 1 . Indeed the 
wave-function is even by interchanging two coordinates or two quantum labels. 



Non-equivalent means for instance that 4>i(x)4>i(y) is equivalent to 4>i(y)<f>i(x) 
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In conclusion, the space spanned by all possible Slater determinants built with the same 
basis set of single-particle wavefunctions constitues an appropriate Hilbert (Fock) space for 
many-body fermionic wavefunctions. Analogously the space spanned by all possible permanents 
is an appropriate Hilbert space for many-body bosonic wavefunctions. 

In the following we will introduce operators acting in the Fock space. We will consider 
separately the fermionic and bosonic cases. 



2.2 Fermionic operators 

Let us introduce the creation, c\, and annihilation, c a , operators which add or remove, respec- 
tively, one fermion in state a. The operator dc a first annihilates then creates a particle in a, 
which can be done as many times as many particles occupy that state. Therefore 

4 c aK) = n a \n a ), (2.5) 

so it acts like the occupation number operator c a c a = n a . Since by Pauli principle n a = 0,1, 
then 

4c a |0) = 0, c\c a \n a = 1) = \n a = 1). (2.6) 

Analogously, the operator c a c\ first creates then destroys a fermion in state a, which can not do 
if a is occupied, while it can do once if empty. Therefore 

c„4|0) = |0), c aC t|n a = l)=0. (2.7) 

Thus, either a is empty or occupied, the following equation holds 

( c a4 + 4 c a) K = 0, 1) = \n a = 0, 1), 

which leads to the operator identity 

(c a 4 + 4c a ) ={c a ,4} = l, (2.8) 

where the symbol {...} means the anti-commutator. Moreover, since one can not create nor 
destroy two fermions in the same state, it also holds 

{c„,c a } = {4,4}=0. (2.9) 

Eqs. (2.8) and (2.9) are the anti-commutation relations satisfied by the fermion operators with 
the same quantum label. Going back to (2.6) and (2.7), we readily see that they are all satined 
if 

4|0) = |n a = l), 4|n o = l)=0 
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cjO) = 0, c a \n a = 1) = |0), 

also showing that c a is the hermitean conjugate of c a - 

Let us consider now the action of the above operators on a Fock state. Suppose we create 
two fermions, one in state a and one in b, with a < b. We can assume that 

44l°) = l n " = l i n b = 1), 44 1°) = K = l,n a = !)• 
Since the two Fock states differ by interchanging two rows in the Slater determinant, then 

\n a = l,n b = 1) = -\n b = l,n a = 1), 

hence 

44 = -44 -{4,4} = o, (2.10) 

which is the third anticommutation relation. Analogously 

c a4l n « = l ) = c a \n b = l,n a = l) = -c a \n a = l,n b = l) = -\n b = l) 

4 C a\ n a = 1) = 4l°) = l n & = !)> 

leading to the fourth anti-commutation relation 

{c„,4}=0- ( 2 - n ) 
They all can be cast in the general formulas 

{c a ,4} = S <*> {4,4}=°. {c a ,c b }=0. (2.12) 

Once we have introduced the above creation and annihilation operators, the Fock states have 
the simple expressions 

|m,n 2 ,...)= [] 4|0), (2.13) 

i:rii=l 

where the product runs over all quantum labels i which correspond to occupied states. 

2.2.1 Second quantization of multifermion-operators 

Let us consider the single-particle operator in first quantization 

V = Y / V(x l ), (2.14) 

i 

where the sum runs over all particles and V{xi) is an operator acting both on space coordinates 
and spins. We want to calculate the matrix element 

(n' 1 ,n' 2 ,...\V\n 1 ,n 2 ,...}, (2.15) 
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among two Slater determinats, equivalently Fock states, with occupation numbers n^'s and rij's, 
respectively. Since the operator V conserves the number of particles, then 

» i 

Being the particles not distinguishable, it derives that 

(ni,n' 2 , . . . \V\n 1 ,n 2 , ■■■} = N(n[,n 2 , . . . \V(x 1 )\n 1 ,n 2 , . . .) 

= J dxi dx 2 ... dx N '®{ n ,y(x 1 ,X2, . . • , x N )* V{xi) * {n }(xi, x 2 , x N ) 

We assume that in the Fock ket |ni,n2, ...), the states aj, i = 1,...,N are occupied, with 
cti < «2 < • • • < while in {n^, n' 2 , ■ ■ ■) are occupied bj's, j = 1, . . . , N. We can expand the 
Slater determinant in the first column, corresponding to particle x\ and get 

1 N 

^{n}(xi,X 2 ,...,X N ) = -7^f^2(-^Y 1 <t>a i (.X 1 )^ {n:n 0} (X 2 , . . . ,X N ), 

ViV i=l 

where ^{ n:na .=o}0e2 5 • • • , %n) is the Slater determinant of the — 1 particles x 2 , X3, . . . , xjv 
with the same occupation numbers as \l/{ n } (xi , x 2 , . . . ,xn) apart from state dj which is empty. 
Analogously 

1 N 

V{ n >}(x 1 ,x 2 ,...,x N y = ^E( _1 ) J 1( l ) b j (x 1 y^ {nl . nbj=0} (x 2 , . . . ,x N y . 

Therefore 

(ni,n' 2 ,...|y|ni,n 2 ,...) = 
^2(-iy +J / dxi0 6:) (xi)*F(xi)(/) ai (xi) (ni,n 2 ,.. .,n bj -l,... \ni,n 2 , ■ ■ ■ , n ai - 1, . . . ) = 

E(- 1 )^'^^ n w ( 2 - ie ) 

One easily realizes that the same result is obtained if, instead of using the first quantization 
expression (2.14), one uses 

where 

Vij = [ dx4>i{xyV{x)^{x). 2 



2 Notice that if the operator V(x) acts on the spins, namely V(x) — > V aa /(x), then 

Vi,j = YlJ rfx ^( x . (J )*KT CT '(x)0j(x,a'). 
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Let us continue and consider a two particle operator 

U=lY,U(x i ,x j ). (2.18) 

The matrix element between two Fock states is now 

jV(iV - 1) 

{n' 1 ,n' 2 ,...\U\n 1 ,n 2 ,...) = {n[,n 2 , . . . \U(x 1 ,x 2 )\n 1 ,n 2 , . . . ) (2.19) 

In this case we need to expand the Slater determinants in the first two columns: 

1 N 

V {n} (x 1 ,X 2 ,...,X N ) = _ = E 1 ""taji^Mxi) 

^{n:n ai =0,n aj =0}(x3, ■ ■ -,X N ), (2.20) 

where now *{ n:Tla =o,n a =o}( :r 3) ■ • • , xjv) is the Slater determinant of the N—2 particles £3, X4, . . . , x^ 
in which, differently from ^{n} (xi, x 2 , ■ ■ ■ ,%n), the states Oj and cij are empty. The 0^ function 
is = 1 if j > i and = if j < i. Analogously 



A 7 " 

*{n:n fc .=0,n fcj =0}(«3. ■ ■ ■ .Sjv)*- (2.21) 

Therefore 

TV N 

2 



J dxi dx 2 4>b m (xi)* 4>b n {x 2 )* U (xi, x 2 ) ^a 3 (ar 2 ) </> ai (zi) 

y ds 3 . . . dxAr* { „ ;n6m=0in6n=0} (x 3 , . . . , Sjv)** { n:n< ,. =0,n Oj =0}(»3, ■ • • , X N ) 



N N 



= \Y, E (- 1 ) i+j+ ^ < (- 1 ) m+n+e "' r "^, 6 „;a„a i <^,n r (2-22) 
i/i=lm?i=l l^ai,aj,b m ,b n 

It is a straightforward calculation to show that the same expression is obtained if 

U =\Y, U ij*Afyk<h> ( 2 - 23 ) 

ijkl 
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where 



Ui,j-,k,i = J dx dy (j)i(x)* 4>j(y)* U(x,y)(j>k(y)(j>i(x). 
Analogously, one can introduce m-particle operators 

U m = — Y] U(xi,x 2 ,...,x m ), 



ml . 



which translate in second quantization language into 

m I ^ — ^ 



/ _j l l ^2r-^m jjmjm-l >■ ■■■,31 



4 4 ■■■4 °i °i i • • ■ > ( 2 - 24 ) 

M 22 tm Jm Jm- 1 Jl ' 

with 



Ui 1 ,ia,...,i m -j m j m -i,...ji = J dx 1 dx 2 ...dx m 4>i 1 (x 1 y^ il (x 1 )* ...cf) irn {x m )* 

U(xi,X 2 , . . . , X m )(t>j m (,Xm)<i>jrn-l( x m-l) ■ ■ ■ 4>h(xi). 

We conclude by emphasizing the advantages of second quantization with respect to first quan- 
tization. In the former, any multiparticle operator depends explicitly on the particle coordinates. 
It is only the wave-function which contains information about either the indistiguishability of 
the particles as well as their statistics. On the contrary, in second quantization those proper- 
ties are hidden in the definition of creation and annihilation operators, hence the multiparticle 
operators do not depend anymore on the particle coordinates. Moreover in second quantization 
we can also introduce operators which have no first-quantization counterpart. For instance we 
can define particle-non-conserving operators which connect subspaces with different numbers of 
particles of the whole Hilbert space. For instance 



is an operator which connects Fock states with particle numbers differing by two. As we shall 
see such operators are useful for discussing superconductivity. 

2.2.2 Fermi fields 

Till now we have defined fermionic operators for a given set of single-particle wavefunctions. Let 
us now introduce new operators which are independent of this choice. We define annihilation 
and creation Fermi fields by 

* <r (x) = *(x) = X;^)c i , *(x)t = ^(x)*ci. (2.25) 
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They satisfy the following properties 

{*(*), *(y)t} = x;^(x)^(j/r{ Ci ,c]} 

= 52Mx)<l>i(v)* = 8(x-v), (2-26) 



as well as 

{*(*), *(</)} = {*(x)t, *(y)t} = 0. (2.27) 

which are indeed independent upon the basis. If we change the basis via the unitary transfor- 
mation U acting on the basis set 

M x ) = ^2 U a,i 4>a{x), 
a 

with UW = X, the identity matrix, then 

= ^2M x ) c i = Yl <f>a( X ) U a,i C i 
i i,a 

= X> Q (x)c Q , (2.28) 

a 

showing the proper transformation properties of the fermionic operators 

c a = Y,U a ,iC i . (2.29) 

i 

The multiparticle operators in second quantization have a very simple expression in terms 
of the Fermi fields. For instance it is easy to show that Eq. (2.17) can also be written as 

v = Yl Vi >i c h = I dx v ^ ( 2 - 3 °) 

ij J 

and analogously (2.23) as 

U = lj2 U ^;k,l44 c k c l =\j dxdy*{x?nv? U (x , y) V (y)V (x) , (2.31) 

ijkl 

and finally (2.24) as 

^ m = m\ ^h,i2,—,im;jm,jm-i,—,ji 

»l,Jl,»2 ,j2, — ,im,jm 
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cj c\ ... c] c • c ■ 

<T £ 2 £ m jm Jm-1 



— / dxi...dx m ^(xi) t ...^(x m ) t C/(xi,...,x m )*(x m )...^(xi). (2.32) 

771. J 



Let us for instance consider the density operator in first quantization 



N 



i=l 

In second quantization, through Eq. (2.30), it reads 

^(x) = J dy* a >(y)n(it-y)5 (T y * CT ,(y) 
= * (T (x)t* ff (x) = *(x)t*(x), 



(2.33) 



which also ahows that \l/(x)' is nothing but the operator which creates a particle in coordinate 
x, while ty(x) destroys it. 



2.3 Bosonic operators 

As previoulsy done for the fermionic case, we introduce the creation, d a , and its hermitean 
conjugate, the annihilation d a , operators which respectively create and destroy a boson in state 
a. Again the operators dt,d a counts how many times we can destroy and create back a boson in 
state a, hence it is just the occupation number n a . However, since Pauli principle does not hold 
for bosons, the operator d a d a first adds one boson in state a, hence increases n a —> n a + 1, then 
destroys one in the same state. This latter process can be done n a + 1 times, being n a + 1 the 
actual occupation number once one more boson has been added. Therefore 



d\d a \n a ) 



n a \n a ), d a d\\n a ) = (1 + ra )|n ), 



hence the following commutation relation holds 

d a ,dl\ = d a d\-d\d a = 1, 
where [. . . ] denotes the commutator. Eq. (2.34) is trivially satisfied by 

d a \n a ) = y/rQn a - 1) , d\\n a ) = y/n a + l\n a + 1). 



(2.34) 



(2.35) 



(2.36) 



The permanent, contrary to the Slater determinant, is invariant upon interchanging two 
quantum labels. As a consequence, bosonic operators corresponding to different states commute 
instead of anti-commuting as the fermionic ones. Namely, for a / b, 



dl,d b = d\,d\ 



0. 
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d a , d b 



Sab, 



4,4 



d a, d b 



0. 



Therefore, in general, 

Moreover, through (2.36) and (2.37) we can write a generic Fock state as 

-|0>. 



\ni,n 2 , 



nil 



(2.37) 



(2.38) 



2.3.1 Bose fields and multiparticle operators 

The analogous role of the Fermi fields is now played by the Bose fields defined through 

<&(s) = <t>a{x) d a , $(x)t = U*T 4. ( 2 -39) 



which satisfy the commutation relations 



H*)My) ] =s{x- y ), [$(x)My)]= <£(*) T ,<%) 



o, 



(2.40) 



Let us consider the expansion of the permanent (2.4) over e.g. the coordinate x\. One can 
easily show that it is given by 

|ni,n 2 ,...) = <Z> {n} (X!,X2,...,X N ) = J^4>a{xi) ^{n:n a ^n a -l}{x2, ■ ■ ■ ,X N ) 

a " 

= ^2 V -^^{xi) \ni,n 2 , ■ ■ ■ ,n a - 1, . ..), (2.41) 

a 

where the y /n a ' also enforces that the sum does not include empty states. By means of (2.41) 
we can write the matrix element of a single-particle operator like (2.14) as 

(ni,n 2 , • • • \V\n 1 ,n 2 ,.. . ) = N(n[,ri 2 , . . . \V(x 1 )\n 1 ,n 2 , . . .) 

^^/^AMvWtolK,; »i-i,..k„...,,-i,.) 

ab 

= W ,4,...|/«W«nx)*W|n„ n2 ,...), 
thus showing that 

V = J dx§(x)*V(x)Q(x). (2.42) 
Analogously we can expand the permanent in two coordinates, e.g x\ and x 2 , 
\ni,n 2 , ■■■) = a; 2 , • • -,x N ) = 
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Yl A/ V ^J^YM^Mxi) *{n:n„-w„-l:ni-m fc -l}(«3, • • • ,Zjv), 

and show that the average of a two-body interaction like (2.18) can be written as 

(n[,n 2 , ■ ■ ■ \U\n 1 ,n 2 ,.. ■ ) = ^ — — (ni,n' 2 , . . . |C/(xi,x 2 )|ni,n 2 , . . .) 

= ^ ^Z\l n 'a{ n 'b ~ s ab)n d (n c - 5 cd ) j dxi dx 2 4>a{xi)*4>b{x2)* U(xi,xi)4> c (x 2 )(i>d{xi) 

abed 

(n[,n 2 , ...,n' a -l,...,n' b -l,... \ni,n 2 ,.. ■ , n c - 1, . . . , n d - 1, . . . ). 
Therefore, like in the fermionic case, we can formally identify 

U=±Jdxdy <D(x)t<D(y)t U(x, y) *{y)*{x), (2.43) 

as well as for the m-particle operators 

Um = —.f dxi...dx m <5>{xi) ] ...$(x m ^U(x l ,...,x m )<S>(x m )...<S>(x 1 ). (2.44) 
m. J 

2.4 Canonical transformations 

In general an interacting Hamiltonian, which contains besides bilinear also quartic and higher 
order terms in creation and annihilation operators, can not be diagonalized. On the contrary, a 
bilinear Hamiltonian is diagonalizable by a canonical transformation. 

A canonical transformation preserves the commutation/anti-commutation 

properties of the operators. 

Since the interaction is commonly analysed perturbatively starting from an appropriate non- 
interacting theory, it is useful to begin with bilinear Hamiltonians and introduce the canonical 
transformations which diagonalize them. 

The simplest bilinear Hamiltonian is the second quantized expression of a non-interacting 
first-quantization Hamiltonian, which has the general form 



H = Y,ta b clc b , (2.45) 



ab 

both for fermions and bosons. Since H is hermitean, then 

tab = tba- 
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If t is the hermitean matrix with elements t ab , there exists a unitary transformation U,UU^ = I, 
with / the identity matrix, such that 



ab 

Therefore, if we define 
then through (2.46) we find 



J2 U LtabU bl3 = e a 5 a p. (2.46) 
c a = Y,U aa c a , (2.47) 



H = E &UL ^b U bpCf3 = ^cic a . (2.48) 

a/3 ab a 

We have now to check whether the above is a canonical transformation. 
If the c Q 's are fermionic/bosonic operators then 

R, 4>± = E Uaa u k c \}± = E ^ ^6 = ^ 

a/3 a 

where {. . . }± stands for the anticommutator (+) and commutator (-), respectively. Therefore 
also the c a 's are fermions/bosons, hence U is indeed canonical. 

Once the Hamiltonian has been transformed into the diagonal form (2.48), the problem is 
solved. Indeed any Fock state constructed through the new basis set with operators c a , namely 
a wave-function |{n a }) where each state a is occupied by n a particles, is an eigenstate of the 
Hamiltonian 



H\{n a }) 



!{««}>• 



2.4.1 More general canonical transformations 

In second quantization we have the opportunity to introduce bilinear Hamiltonians which does 
not conserve the number of particles: 

H = Y, t <* c k + A ab ^ b + Kb 44- ( 2 - 49 ) 

ab 

These Hamiltonians are relevant for a wide class of physical problems. Again t ab = i£ a while 

A ab = -A ba 

for fermions, and for bosons 

A a b = A ba . 
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The most general transformation which may diagonalize the Hamiltonian is of the form 

c a = Y. U ^ +V ^ ( 2 - 5 °) 

a 

4 = E^ct+0 . (2.51) 

a 

Let us derive the conditions under which the above is a canonical transformation: 

a/3 

= '£ l U tta ul±V tta V* b = 6 ab 

a 

{c a ,c b }± = ^U aa V b/3 {c a ,c ! p} ± + V aa U bl3 {cl t ,c /3 } ± 

a/3 

= Vba ± Ka f/fta = 0. 

a 

This implies that, for fermions 

UU* + = 1, UV T + VU T = 0, (2.52) 

while, for bosons, 

UU ] - VV ] = I, UV T -VU T = 0. (2.53) 

In addition, U and F should diagonalize (2.49), namely, once we write the original c a 's and c£'s 
in terms of the new operators, we should obtain 

a 

We conclude by pointing out that, due to the particle-non-conserving terms, the vacuum of 
the original particles, |0), is nomore the vacuum of the new ones, |0). Indeed 



c a |0)= J> aQ ct|0)^0. 
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2.5 Examples and Exercises 

Let us consider electrons in a square box of linear length L with periodic boundary conditions. 
As a basis of single-particle wave-functions we use simple plane waves and spinors, namely the 
quantum label a = (k, s) with 

, _ 2tt 

k — \n x ,ny,n z ) , 

being m's integers, s = ±1/2 =|, j. Hence the single-particle wavefunctions of the basis set are 

<i> a {x) = -/= eik ' x <W 



The annihilation and creation operators are defined as 

C kcr' C kcr' 

hence the Fermi fields are 

k 

*t( x ) = 1 V 

k 

Let us start from the kinetic energy, which is in first quantization 

N 

i=i 

diagonal in the spin coordinate. Since 



p ik x r 



then, in the plane-wave basis, the kinetic energy in second quantization becomes 

Hkin = Yj i* c ka = E £ k 4 CT c k CT - ( 2 - 54 ) 

kcr kcr 

The ground state with N, assumed to be even, electrons is the Fermi sea \FS) obtained by filling 
with a spin-up and spin-down electrons the lowest energy levels up to the Fermi momentum &p 
defined through 

N = 2 £ , 

|k|<fe F 
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namely 

\FS)= J] c Ict4J0), (2.55) 

k:|k|<fc F 

hence the occupation number in momentum space is 

™kT = n ki = 9{k F - |k|) , 

where the ^-function is defined through 9{x) = 1 if x > 0, otherwise 9{x) = 0. 
Let us add an electron-electron interaction of the general form 



Win* = \Yj y ( X * ~ X i)- 

In second quantization it becomes 

n in t = ^y*dxdy*t (x) ^t ;(y)y(x _ y) ^ /(y) ^ (x) 

= ^E E 4 lff 4 2 .'%.^k 4CT ^/^dye-^- x e-^^ k 3^ k - x y(x-y). 



crcr' kj,j=l,...,4 

We define the Fourier transform of the potential as 



so that 



y(q) = J dre~ i(i r V{r), 
y(x-y) = i3^e^( x -y)y(q), 



L 3 
q 



and the interaction is finally found to be 



n ^t = i3 E E c Li +q .' c P.' c k +q .- ( 2 - 56 ) 

crcr' kpq 

We showed that the electron density for spin a in second quantization is 

p CT (x) = Vfrt (x) * ff (x). 

Its Fourier transform is 

pM) = J dxe^ x <(x)^(x) = ^ C Lc k+q(T . 
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Let us consider interacting electrons also in the presence of a single-particle potential, provided 
e.g. by the ions, 

n pot = ^ j d ^ U (x)p a (x), 
so that the total Hamiltonian reads 

Since the Hamiltonian conserves the total number of electrons, the electron density summed 
over the spins, i.e. p = p^ + pj_ must satisfy a continuity equation. Let us define the Heisenberg 
evolution of the density through 

p(x,t) =e iHt p{x)e- iHt . 

Since the integral of the density over the whole volume is the total number of electrons, N, 
which is conserved, it follows that 



f , dp(x,t) d f , , , dN 



This condition is satisfied if 

^ = -VJ(x,t), 

where J(x, t) is the current density operator. In fact, the integral over the volume of the left 
hand side is also equal to minus the flux of the current through the surface of the sample. If 
the number of electrons is conserved, it means that the flux of the current through the surface 
vanishes, which is the desired result. 
Exercises: 

• Calculate the formal expression of the average value of 

over the Fermi sea wave-function (2.55); 

• Using the Heisenberg equation of motion of the operators, according to which 

in dp(^t)_ = [p{xt)nh 

calculate the expression of the Fourier transform of the current J (q) ; 

• Calculate the following commutator 

[p(q,t),J(-q,t)], (2.57) 
which is commonly known as the /-sum rule. 
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2.6 Application: fermionic lattice models and the emergence of 
magnetism 

Let us consider the electron Hamiltonian in the presence of the periodic potential provided by 
the ions in a lattice: 

N 2 i 



, 2m 

t=l i R if] 

= Whin + H e l-i on + H e l-el = Hq + H e l-eh 



(2.58) 



where R are lattice vectors. We start by rewriting the Hamiltonian in second quantization. For 
that purpose we need to introduce a basis set of single-particle wavefunctions. Since the Hamilto- 
nian is spin independent, it is convenient to work with factorized single-particle wavefunctions: 
</>(x, a) = 0(x)xcr- As a basis for the space-dependent </>(x) we use Wannier wave-functions 
<K x )n,R satisfying the usual conditions 

j dx0(x)* )Rl 0(x) miRa = 5 nm <5RiR 2 , ^ 0(x)n,R0(y)n,R = <5(x - y), 

ra,R 

as well as 

0(x) njR+Ro = (f)(x - Ro) n ,R • (2.59) 

Consequently we associate to any wavefunction <^(x) niR Xo- creation, c' n - Ra , and annihilation, 
c nRo-' operators, and introduce the Fermi fields 

* ff (x) = ^ <A(x)n,R C„ )Ri(T , *t (x) = ( ^ (x) )t . 
n,R 

Let us start by second quantization of the non interacting part of the Hamiltonian, TLq in 
Eq. (2.58): 



n ° = E / dxV 4( x ) 



ft 2 V 2 
2m 



E F ( x - R ) 



R 



EE E 

J Ri ,R2 C n,Ri ,o- C m,R 2 ,(T ■ 

cr nm Ri,R 2 



(2.60) 



The matrix elements are 



*r?,r 2 = / rfx0(x); Rl 



2m 



+ £y(x-R) 



</>( X )m,R 2) 



(2.61) 



R 
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and satisfy 

By the property (2.59) it derives that 
= J dx<f)(x) 

= J dx^x-Ro)^ 

= J dx0(x); iRl 



j.nm ( j.mn \* 

r Rl,R 2 — l r R 2 ,Rj • 



(2.62) 



Ri+Ro,R2+Ro 



/n,Ri+Ro 



h 2 v 2 

2m 



+ J>(x-R) 



R 



2m 



+ J>(x-R) 



R 



2m 



+ V (* + R o " R ) 



0(x) m ,R 2+ R, 

</>(x - Ro)m,R 2 
<K x )m,R 2 = tR7,R 2 , 



R 



since 



^V(x + R -R) = £V(x-R). 

R R 

Let us now introduce the operators in the reciprocal lattice through the canonical transformation 



= — V e- ikR c 
2 ' k '°" ^/T7 ^ n,R,<7' 
V r R 



and its inverse 



p ikR 

n ' k,<T ' 



(2.63) 



(2.64) 



where V is the number of lattice sites and k belongs to the reciprocal lattice, namely 

R k 

One can check that the above transformation is indeed canonical: 

\c r f \ - — V p-*krRi ik 2 R 2 r J i 

l°n,ki ,(Ti '°m,k 2 ,0-2-1 T/ Z_> l ra,Ri,<ri ' m.,R 2 ,cr 2 J 



Ri,R 2 



— A A J_ V^ e -i(ki-k 2 )-Ri _ r r r 

— u nm u (Tiff2 ^ / j — u nm u <7i(T2 u kik2' 

Ri 

Let us substitute (2.64) into (2.60): 

W „-lVV V V p-iki-Ri p ik 2 .R 2 ,nm t . 

n ° ~ V e e r Ri,R2 C n,ki, CT C m,k 2 ,CT- 



cr nm Ri,R 2 k l5 k 2 
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We notice that 



e e r Ri,R 2 

Ri,R2 



iki-Ri ik 2 R 2 j.nrn 



Ri Ro,R 2 Ro 



where we define 



Ri,R2,Ro 

_2 _-ik r (Ri+R ) ik 2 -(R 2 +Ro) +nm 

~ y Z^i t Ri,R-2 
Ri 5 R2,Ro 

_ — iki-Ri ik 2 -R 2 fnm }_ ST~^ -i(ki-k 2 )-R 

/ j Ri.R 2 y / j 

Ri,R 2 Ro 

X \ iki-(Ri— R2) + nm t/ r + nm 

Ri,R 2 

j.nrn — \ „— ik(Ri — R 2 ) j.nm \ „— ik-R j.ram 

tk L 6 f Ri,R 2 -2^ e f R,0- 



Ri,R 2 

Since (2.62) holds it also follows that 



R 



(j.nm\* \ „«k-R ( + nm\* 

v r k ) — Z^i rRoJ 

R 

E-ik-R j.mn \ Q ik-R + mn 
e r 0,R — 2-^i r -R,0 
R R 

E-ikR + mn j.mn 
e r R,0 — r k > 



(2.65) 



R 

namely the matrix t^, with elements i^ 1 ™, is hermitean. The Hamiltonian is therefore 

n ° = ^2 ^ C n,k,a C m,k l0 - 

cr ram k 

As we said tk is hermitean, hence it is possible to write 

t k = C/(k)t ? k (k) - ^ = ^(k)m € i)k U(k) im , 

with i/(k)t C/(k) = /. Therefore, upon the canonical transformation 

C i,k,<r = ^ ^(k)m. C n.k.(T' 



(2.66) 
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the non interacting Hamiltonian gets a diagonal form 

^EEE^^W (2.67) 

c i k 

The index i identifies the bands, and e^k is the energy dispersion in the reciprocal lattice: we 
have thus obtained the band structure. 
We can formally write 

R 

thus introducing a new basis of Wannier functions. Since the Fermi field is invariant upon the 
basis choice, then 

M*) = E # X )».R X* c n R a = -= <A(x)n,R X* e lk ' R c nXa 

R,n R,n,k 

V 



R,n,i,k 

£ E ^(4,RX.e tk '( R - R/ »[/t(k) m c !iRV ^^(x) !iR , Xff c iiR , ff , 



R,R',n,i,k R' 
thus implying the following expression of the new Wannier functions 



^kn> = ^ E e^ R - R '> l/t(k) ni 0(x) n , R . (2.68) 



n,R,k 



Going back to the Hamiltonian in the diagonal basis, we can also rewrite it as 

= EEE f ^i/ !ik , ff 

a i k 

~~ y 2-^ 2-^ 2.^ 2-^ e *' k e L i,Ri,<T L i,R 2 ,<T 

i k Rl,R 2 

= EE E 4^4,^,^, (2.69) 

u i Ri,R2 

namely like a tight-binding Hamiltonian, diagonal in the band index. Once we know the band 
structure, the ground state of the non interacting Hamiltonian is simply obtained by filling all 
the lowest bands with the available electrons. If the highest occupied band is full, the model 
is a band insulator, otherwise is a metal. In particular, since each band can accomodate 2V 
electrons, V of spin up and V of spin down, a necessary condition for a band insulator is to have 
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an even number of available electrons per unit cell. This is not sufficient since the bands may 
overlap. 

Exercises: 

• Calculate the formal expression of the Fourier transform of the density p(q) in the basis 
of eigenoperators of Ho, 4 k o- anc ^ c i k o-' 

• Do the same calculation for the current density J(x), and discuss the meaning of the 
/-sume rule, Eq. (2.57) in this representation. 

2.6.1 Hubbard models 

In many physical situations, the Wannier orbitals ^(x^r's in Eq. (2.68) for the highest occupied 
bands (valence bands) are quite delocalized, hence the lattice vector label R looses its physical 
meaning. In those cases, although formally exact, the tight-binding way (2.69) of rewriting 
the non interacting Hamiltonian is of little use. 3 However there is a wide class of materials, 
commonly called strongly correlated systems, where the tight-binding formalism is meaningful. 
There the valence bands derive from d or / orbitals of transition metals, rare earth or actinides, 
and the Wannier orbitals keep noticeable atomic character, thus leading to short range hopping 
elements t Ri Ra 's. Let us consider just the above situation and write down the left-over electron- 
electron interaction in the Wannier basis. We further assume that there is only one valence band 
well separated from lower and higher ones, so that we are allowed to neglect interband transition 
processes induced by the interaction. Since we take into account only one band, we are going 
to drop the band index i, so that the Wannier orbitals for the valence band are <^>r(x) and the 
tight-binding term projected on the same band is 

^o = E E ^i^4 1CT c R2(T . (2.70) 

<t Ri,R 2 

The interaction term within the valence band is given by 

Hjnt = ^ E E ^l.R2;R3,R4 £ llicri ( 4l2<T2 C R3^2 C R40-l' ( 2 -?l) 
°1<T 2 Rl,R.2,R3,H-4 

where 

^r 1 ,r 2 ;R 3 ,R4 = J dxd Y ^Ri(x)*0R 2 (y)* U(x - y) </>r 3 (v)(/>r 4 (x). (2.72) 

Let us make use of our assumption of well localized Wannier orbitals, namely that </>r(x) decays 
sufficiently fast with |x — R|. Within this assumption, the leading matrix element is when all 
lattice sites are the same: 

t/R,R;R,R = U. (2.73) 
3 For instance the hopping matrix elements t l Rlt n 2 turns out to be long ranged. 
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This term gives rise to an interaction 



2 
R 



where the operator 



C Rcr C Rcr' 



counts the number of particles at site R. The interaction term (2.74), which simply describes 
an on-site Coulomb repulsion, plus the hopping (2.70) represent the so-called Hubbard model, 
which is the prototype of the strongly-correlated lattice models. 

Let us continue and consider in (2.72) two other cases: either (1) Ri = R4, R2 = R3 with 
R2 nearest neighbor of Ri or (2) Ri = R3, R2 = R4 still with R2 nearest neighbor of Ri. In 
case (1) we obtain 

— 2^ 1RTIR/, 
<RR'> 

where < RR' > stands for nearest neighbor sites and 

Ui = C/R,R';R',R. 

In case (2) we find 

U2 \ - t t _ _Ul ' t 

<RR'> crcr' <RR'> ctct' 

where 

U2 = £^R,R';R,R' • 

One can easily show that 

C L C Ra' C R'a' C R'a = \ [ n R n R' + 4S R ' S R'l . ( 2 - 75 ) 

era' 

where the spin density operator 

1^ t 

a/3 

being a = (a±, 02, 03), with cr^'s the Pauli matrices. Therefore, upon defining V = U\ — U2/2 
and J ex = —2U2, the whole nearest neighbor interaction reads 

H n .n. = J Yl ^"R' + Y Yl S R- S R'- ( 2 - 76 ) 
<RR'> <RR'> 
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Since U\ > U2 > 0, the first term describes a nearest-neighbor repulsion, while the second a spin 
exchange which tends to aligns the spin ferromagnetically since J < 0, so called direct exchange. 
Therefore, although we have started from a spin independent interaction, in the Wannier basis 
we have been able to identify a spin interaction, thus showing in a simple way how magnetism 
emerges out of the Coulomb repulsion. 

2.6.2 The Mott insulator within the Hubbard model 

Let us summarize the approximate Hubbard Hamiltonian which we have so far derived, by 
further assuming a nearest neighbor hopping: 

cr <RR'> R <RR'> <RR'> 

= H + H int . 

By construction U > V > and J ex < 0. We consider the case in which the number of valence 
electrons is equal to the number of sites N. In the absence of interaction, the hopping forms 
a band which can accomodate 2N electrons: therefore the band is half-filled and the system is 
metallic. 

Exercise: Consider the nearest neighbor tight-binding model 

n = ~ t Yl J2 C L C RV> 

(T <RR'> 

with t > in a two-dimensional square lattice. The number of electrons is equal to the number 
of sites. Find the shape of the Fermi surface. 

Let us analyse the opposite case of a very large U 3> t, V,\J ex \. In this case we should 
start from the configuration which minimizes the Coulomb repulsion U and treat what is left by 
perturbation theory. This lowest energy electronic configuration is the one in which each site is 
singly occupied. Indeed the energy cost in having just an empty site and a doubly occupied one 
instead of two singly occupied sites is given by 

E(2) + E(0) - 2E(l) =2U + 0-2^ = U, 

and is much larger then the energy gain in letting the electrons move, which is of order t. In 
this situation the model describes an insulator, but of a particular kind. Namely the insulating 
state is driven by the strong correlation, while the conventional band structure argument would 
predict always a metal. This correlation-induced insulator is called a Mott insulator. Therefore, 
as the strength of U increases with respect to the bandwidth proportional to t, an interaction 
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driven metal-to-insulator transition, commonly referred as a Mott transition, should occur at 
a critical U c . However, the configuration with one electron per site is hugely degenerate, since 
the electron can have either spin up or down. There are 2^ degenerate states with one electron 
per site, which are going to be split by the left-over terms in the Hamiltonian. The nearest 
neighbor interaction V is not effective in splitting the degeneracy. On the contrary, the direct 
exchange does play a role and tends to prefer the configuration in which all spins are aligned - 
a ferromagnetic ordering. Yet, this is not the only source of spin correlations. Indeed also the 
hopping term is able to split the degeneracy within second order in perturbation theory. Let us 
focus on two states which only differs in the spin configurations of two nearest neighbor sites: 
|cRi,cr 2 ) an d |c Rl) °r 2 )- Within second order in t we obtain a matrix element bewteen these 
two states given by 



f2 Yl X^ R i ' ^ I ( C R 1CT C R 2 a + H - C ) \ n ) E M (4 1CT ' C R 2 a' + H - C ) 



Ri>°R 2 /> 



where E = NU/2 is the energy of the degenerate ground states with all singly occupied sites, 
and |n) an excited state with energy E n . Since the hopping creates one empty and one doubly 
occupied site out of two singly occupied ones, Eq — E n = —U. Moreover the sum over the 
intermediate states act as a complete sum, so that we can write also 



/ " V -> | / i j- 

~~ jj 2^\ aR l' °" R 2l ^ C Ri(t C R 2 <x C R 2 ct' C Rict' + C R 2 <7 C Ri<t C R 1CT ' ( 
era' 

By means of (2.75) we therefore find that the operator responsable of the additional splitting is 

~JjZ-^ ^ C Rio- C R 2 <t C R 2 o-' C Rio-' + C R 2 ct C Ri<t C Rio-' C R 2 o-'J 



/ C-n _ „/ I I CTrg , (Jt 



R 2 <X' ) l c, Ri' u R 2 / 



CT(T' 



JJ Yl 2 C R lCT C R 1CT '4 2 a' C R 2 a - ( n Rl^ + n R 2 a) 



U 

OCT 

u 



Sr x • Sr 2 + - (n Rl n R2 - n Rl - n R2 ) 



Since the last term is a constant over states where each site is singly occupied, the relevant part 
is just 

2+2 

77- E Sr " Sr '' ( 2 - 77 ) 
<RR'> 

the missing factor two coming from the fact that in the sum over nearest neighbors each bond 
is counted twice. Therefore the second order perturbation theory in the hopping gives rise to a 
novel spin exchange which is antiferromagnetic, usually called super-exchange. All together, the 
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large U effective Hamiltonian describes localized spin-l/2's (each site occupied by one electron) 
coupled by the spin exchange 

Hueis = "2 X/ ^ R ' ^ R/ ' (2.78) 

<RR'> 

where 

At 2 At 2 

J = Jex + -y =~2U 2 + —. 

The spin exchange may be either ferromagnetic or antiferromagnetic depending on the strength 
of the direct- with respect to the super-exchange couplings. The effective Hamiltonian (2.78) 
describes an Heisenberg model. 



2.7 Spin wave theory in the Heisenberg model 

We have previoulsy shown how magnetism may emerge in a single band Mott insulator where 
strong Coulomb repulsion localizes the electrons which become effectively local moments. We 
have also shown that both the Coulomb repulsion itself, via the direct exchange, and the covalent 
binding, via the super-exchange proportional to the square of the hopping, induce a coupling 
among the local moments which has the form 

HHeis = ^2 ^H-,R' S R • Sr. (2.79) 
R,R' 

Notice that, by lattice translational symmetry, 

«^R,R' = Jli',R = </R'-R-R',R-R-R' = J -R, R', 

namely the exchange is inversion symmetric. In the single band case we discussed, the spins 
have magnitude S = 1/2, but, in what follows, we will consider the general case of arbitrary S. 
As a result, the Mott insulator will likely be magnetically ordered according to the properties 
of the exchange terms. If the spins were classical vectors, then the classical ground state would 
show a magnetic order of the form 

(Sr) = S [u cos(Q • R) + v sin(Q • R)] , (2.80) 

with u and v two orthogonal unit vectors. Upon inserting this expression into (2.79), we find a 
classical energy 

E(Q) = Jk,R' cos (Q • (R - R')) = NJ2 Jn,o cos (Q • R) = y (Jq + J-q) = iVJq, 4 

R,R' R 

4 Since, as we showed, the exchange is inversion symmetric, namely Jr,o = J-n,o, then Jq = Jq = J_q 
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which is minimized by the value of Q for which the Jq is minimum. The classical ground state 
energy does not depend on u and v, reflecting the global spin-rotational symmetry. In the 
reciprocal lattice, (2.80) implies an order parameter 



Q]\T OAT 

(s q > = E e ~ iq R < s *> = -5- (u - * v) s+Q + ( u + iV ) **-q- 



R 



2 v ' 2 

In reality the spins are quantum operators satisfying the usual commutation relations 

itabc Sr. <>RR' , 



(2.81) 



'-'R' d R' 



which, in the reciprocal lattice, transform into 



Qa ob 



Therefore, through the Heisenberg equation of motion 



ih- 



dt 



we find that 



ih 



Sr, Hue 



(it 



« E Sr x S 



R' 



R' 



Jo 



N 



q+Q 



x S_ 



q- 



Since the right hand side is non zero, then the classical order parameter does not correspond 
quantum mechanically to a conserved quantity. In turns this implies that quantum fluctuations 
are going to reduce the magnitude of the classical order parameter. There is just one exception 
when the classical ordering wave-vector Q = 0, which corresponds to a ferromagnetic order. 
In this case the order parameter is just the total magnetization, which is indeed a conserved 
quantity. Therefore, if all J's are negative so that the min{ J q ) is at Q = 0, the quantum ground 
state remains the classical fully polarized ferromagnet. In all other cases when Q / 0, we do 
not know apriori if the classical ordered phase is going to survive quantum fluctuations. A quite 
simple but effective way to analyse the role of quantum fluctuations is by the so-called spin- wave 
theory. 

We now show how this method works for the simple example of an antiferromagnetic Heisen- 
berg model with nearest neighbor exchange on an hypercubic lattice. The Hamiltonian is given 

Hneis = J E Sr-Sr/, (2.82) 

<RR'> 

with J > 0. The classical ground state is the Neel antiferromagnet with order parameter (we 
choose to break the SU(2) symmetry along the z-axis) 

(^) = < Scos(Q-R) = < S(-l) R , 
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where Q = 7r(l, 1,1,..., I) 5 and, if R = (m, ri2, . . . , n<i) with ci the dimension of the space, then 
R = Yli=i n i- Let us go back to the commutation relation 



Qa ob 



^^abc w q+q' j 

and assume that the left hand side is substituted by the classical average value, i.e. 



^q) = ie a b z NS5Q t q + q'. 

The meaning of this approximation is the following. If we want to analyse the role of quantum 
fluctuations, we need to study the dynamics of the spin operators which, by the equations of 
motion, is related to commutators. If the true ground state is a slight modification of the 
classical one, which has to be checked aposteriori, then the commutators can be approximated 
with their classical averages. Within this approximation 



S X q,S»_, 



q+Q 



Yet we have to further impose that 



iNS. 



Both conditions can be fulfilled if we write 



QX 



(dq + d f _ q ) , 



q-Q 



q+Q 



(2.83) 



'Q 



SN-Tdqdq. 



The operators d q 's and d q 's are bosonic and satisfy 



d q ,d q , 



= 5, 



q,q ' 



d q ,d q , 



= 0. 



The expression for the order parameter operator Sq clarifies also the meaning of our starting 
assumption of a quantum ground state slightly different from the classical one. Indeed this 
approximation holds if 

(Sq) ~ SN, 



^Notice that Q = Q, being the two connected by a reciprocal lattice vector 
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namely if 

^£«d q )«s. 

q 

Therefore the larger is the spin magnitude S the more correct is the approximation, i.e. the 
weaker are the effects of quantum fluctuations. The Hamiltonian in the reciprocal lattice is 

HHeis = J-j: </(q) S q • S_ q , 

where 



N 
q 



J (q) = 2 J £ cos(<7i) = 2 J 7 q , 



i=l 

d being the dimension of the space and q = (qi,q2, ■ ■ ■ ,Qd)- Notice that 

J(Q) = -2Jd. 

Since 

d 

J(q + Q) = 2J ^ cos(% + tt) = - J(q), 

i=l 

we can also rewrite the Hamiltonian, compatibly with our assumption of weak quantum fluctu- 
ations, as 



HHeis = T^y ^2 J(q) (Sq ■ S_ q - S q+Q • S_ q+Q ) 

q 

~ 2iV ^ ( S <i S -<i + ^q^-q ~ ^q+Q^-q+Q ~ ^q+Q^-q+Ci) 

q 

+ lj(Q)<%<%, (2.84) 

At this stage we should substitute (2.83) into (2.84), keep only bilinear terms and diagonalize the 
Hamiltonian by a canonical transformation. However it is much better to follow an equivalent 
route where calculations are simpler. We introduce conjugate variables through 



Pq = (dtq-dq),, (2.86) 



which satisfy the canonical commutation relation 

[Zq,Pq'] = ^q-q'- 
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In terms of these variables the expressions for the spin operators read 



S* = VSN Xci , 

S Q = (s + -)N--^2x cl x^ cl + p cl p^ cl , 
^ ' q 

which substituted into (2.84) and keeping up to order S terms, lead to 

S 

H H eis = ^2 J ^ ( X q X -q + f q-QP-q+Q ~ ^q-Q^-q+Q ~ PqP-q) 

q 

+ ^(Q) + SN 2 " SN^2 ^-q +PqP-q^ 

= N J(Q) S (S + 1) + S ^(q) (^q^-q " PqP-q) 

q 

SJ(Q) ^ (x q X_ q + PdP-q) 

q 

= TV J(Q) 5(5 + 1) 

+5 ^ ( J(q) - J(Q)) x q x_ q + (- J(q) - J(Q)) p q p_ q . (2.87) 
q 

The constant term N J(Q) 5 2 represents the classical Neel energy, the rest being the correction 
due to quantum mechanics. In order to diagonalize this Hamiltonian, let us consider the following 
canonical transformation 

X q = /KqX q , (2.88) 
Pq = ^Pq, (2.89) 

which preserves the commutation relations provided i^ q = -ftT- q . Upon substitution, the quan- 
tum fluctuation term transforms into 

sJ2 U(q) - J(Q)) a^-q + (-^(q) - J (Q)) p q p- q - 

q 

5 ^ K q (J(q) - J(Q)) X q X_ q + K q X (-J(q) - J(Q)) P q P_ q . 



q 

If we impose that 



2 _ - J(Q) - J(q) 
^--J(Q) + J(q)' (2 - 9U) 
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the Hamiltonian becomes that of independent harmonic oscillators, i.e. 

H Heis = N J(Q) S (5 + 1) + ^ ( X n X -n + P n p -n) , 



(2.91) 



with the dispersion relation defined through 



cu q = 2SV(- J(Q) " JW) (~J(Q) + JW) = 4SJy/(d- 7q ) (d + 7q ). (2-92) 

Notice that, since d > |7 q |, the frequencies are positive real numbers. It is clear that the 
Hamiltonian has a diagonal form. Indeed if we introduce new bosonic operators through 



K + 6L q 



P 1 = -ijl (&q - &-q) > 



the Hamiltonian transforms into 



H Heis = N J(Q) 5 (5 + 1) + Y, ^ ( fe q fe q + 5 



(2.93) 



thus showing that the eigenstates are Fock states in the 6-basis |{n q }) with energies 



H H eis \{nq}) 



NJ(Q)S(S + l) + Y^ { n * + \ 

n \ 



|{n q })^£[{n q }] |{n q }). 



The elementary bosonic excitations are called spin-waves. The vacuum is the ground state, 
whose energy per site including quantum fluctuations is 



Eq = -2JdS 2 ( 2SJd ~ l^) 



2JS ^ 

t^class / 



rf -\/(rf-7q)(rf + 7q) 



< E class i 



which, as expected, is lower than the classical counterpart E c i ass . 

Let us analyse the energy spectrum of the spin- waves. First we notice that 



7q = -7q-Q. 
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hence that w q = w q +Q, showing that the true Brillouin zone is half of the original one. This is 
because the Neel state breaks translational symmetry and the new unit cell contains two sites. 
Secondly, by expanding (2.92) close to q = 0, which as we said is equivalent to q = Q, and since 

7q - d - ^q • q, 

we find that 

w q = 4 S J yj{d - 7 q ) (d + 7 q ) ~ 4 S J Vd |q| =v\q\, 

namely a linearly vanishing dispersion with velocity v = 4 S J Vd. This was actually predictable 
by the Goldstone theorem which states that when a continuos symmetry is broken, in our case 
the spin SU(2), and in the absence of long range interaction, there should exist a mode, the 
Goldstone mode, with vanishing energy as q — ► 0. 

Let us go back to the canonical transformation (2.88) and (2.89). One can prove that this 
transformation is accomplished by the unitary operator 



U = exp 

namely that 



2 
q 



(2.94) 



X q U = V^q^q- ( 2 - 95 ) 

This result can be obtained through to the following expression 

°° / -i\n 

where Cq = B and C n = [A, C n _i]. 

Exercise: Prove the above statement, namely that (2.94) gives rise to (2.95). 

Therefore the unitary transformation (2.94) applied to the Hamiltonian (2.87) gives 

W Rueis U = E + - ^Uq (x q X_ q + p q p_ q - 1) , 

q 

namely the desired diagonal form. This way of rewriting the canonical transformation is quite 
useful since it allows to identify the eigenstates in a simple way. Let us consider the state 

|{n q }) = L>|{n q })o, 

where |{n q })o is a Fock state in the old basis with the occupation number configuration {n q }. 
Then 

H H eis = H Heis U |{n q }) 
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UU^H Hets U\{n (i }) = U 



|{"q»C 



-Eo + ^ w q ra q 



£>|{n q }) = £[{n q }] |{n q }), 



namely it is an eigenstate with energy 



^[{n q }] 



w q n q 



Analogously, the new vacuum state can be obtained by the old one through 

|0> = l7|0>o. 

Finally we have to check whether our approximation is valid. Let us evaluate the ground 
state average value of the order parameter 



M 



q 

= s +\-7^Y,(°\ K < i x * x -« +K « lp « p -^ 

q 

= S + - - — Vi^ n + K n 1 
^2 AN ^ q q 



S+ 2 



I / rf + 7q 

27V ^ V d - t „ ' 



7q 



(2.96) 



where we used the fact that on the new vacuum 



(0|X q X_ q |0) = (0|P q P_ q |0) = -, 

and that K~ 1 = K n+ Q. If S— M <C 1 then the approximation indeed holds. The only dangerous 
region in the sum is when d ~ 7 q , i.e. when the spin-wave energy vanishes. Here the sum behaves 
as 



-T. 



' d + 7q f dq 



2Arz_.y d _ 7q | q | 

This integral is convergent for d > 2, but is singular in one dimension. Therefore the spin wave 
approximation is always wrong in one dimension, in agreement with Mermin- Wagner theorem 
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which states that a continuos symmetry can not be broken in 1+1 dimensions (A quantum 
problem in d dimensions corresponds to a classical one in d + 1). 

To complete our analysis, let us evaluate the contribution of thermal fluctuations, namely 
let us move to finite temperature T. Instead of ground state averages, we need the thermal 
averages 



(X q X_ q ) = <P q P_ q > = - (1 + 26K)) = | coth 



1 „, , „ 1 ., w, 

where &(o> q ) is the Bose distribution function 

b(x) = —r-^ . 

V 1 e^ + l 

(Exercise: Derive the above result). Therefore, at finite temperature, the order parameter is 



M(T) = S + \ - -L Y X coth ^. (2.97) 

We notice that in two-dimensions the contribution of thermal fluctuations is diverging since, for 
^ q < T, 

coth — ^ ~ — , 
2T w q 

and the sum behaves like 

T r dq_ 

v J |q| 2 ' 

which is singular in two-dimensions. This implies that for d = only at T strictly zero there is 
a true Neel order. For dimensions d > 2, Eq. (2.97) allows to estimate the value of the critical 
temperature T c above which the order parameter vanishes through the equation M(T C ) = 0. 
Since J is the only dimensional coupling, one easily realize that the Neel critical temperature 
T c ~ J. 

2.7.1 More rigorous derivation: the Holstein-Primakoff transformation 

Let us conclude by showing more rigorously how one can derive the spin wave theory. One can 
readily demonstrate that the following way of writing spin operators in terms of bosonic one 
(Holstein-PrimakofF transformation) preserves proper spin commutation relations: 

Sk = (-l) R [S-dld R ], (2.98) 
5+ = \ [1 -(-1) R ] 4v^5^+J[l + (-l) R ] V^f^d K , (2.99) 
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S R = \ [1 + (-l) R ] 4V25^+i[l-(-l) fl ] V^f^ d R , (2.100) 

where tir, = <i R ^R- Notice that the bosonic vacuum has the properties 

<0|S R |0) = (-1) R S, (0|5+|0) = (0|5-|0) =0, 

namely it corresponds to the classical Neel state. The square root operators in (2.99) and (2.100) 
assure that it is not possible to create more than 2S bosons at any given site, so that (<Sr) = 
— S, . . . , S as it should. If one inserts the above expressions in the Heisenberg Hamiltonian and 
expands it up to order S, the effective Hamiltonian (2.87) is recovered, after moving from bosonic 
operators to conjugate variables. 

Exercises: 

• Determine how the specific heat behaves at low energy for the antiferromagnetic Heisenberg 
Hamiltonian (2.82) in an hypercubic lattice in d > 3 dimensions. 

• Add to the antiferromagnetic Heisenberg Hamiltonian (2.82) with symmetry breaking 
along the z-direction a magnetic field along the x-direction with Fourier components -B q , 
i.e. a term 

q q 

Diagonalize the Hamiltonian in the presence of this term and calculate the ground state 
energy. 

• Calculate the spin wave spectrum of the Heisenberg ferromagnetic Hamiltonian 

H = — J ^2 Sr • S R /, 

<RR'> 

with J > and where < RR' > means sum over nearest neighbor sites on an hypercubic 
lattice in d dimensions. 
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Chapter 3 

Linear Response Theory 



In order to access the physical properties of a system, one has to act on it with some external 
probe. This amounts to add to the unperturbed Hamiltonian Hq a time-dependent perturbation 
of the general form 

V{t) = [ dxA(x)v(x,t), (3.1) 



where v(pc,t) represents the external probe which couples to the hermitean operator A(x). Our 
scope is to study the effects of V(t) on some measurable quantity described e.g. by an operator 
.B(x), namely to calculate 

B(x,t) = Tr p(t)B(x) 
being p(t) the time-dependent density matrix in the presence of the perturbation. 

3.1 Linear Response Functions 

We assume that the perturbation is switched on at time t — > — oo. Initially the system is in 
thermal equilibrium, so that the density matrix 

lim p(t)=po, (3.2) 

t—>— oo 

with 

Po = +- e ~ f ' Aa = e-^I^XM (3-3) 

Z Z ^ 

Here Hq \ 4> n ) = E n \ 4> n ) and Zq = ^ n exp (— /3^ n ). Therefore the time evolution of the density 
matrix in the presence of V(t) is given by 

m = TT, e ~ p ^\Mt))<M)\, (3.4) 
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where 



ih-\Mt)) = [H + v(tj\ \Mt)), 



(3.5) 



is the Shrcedinger equation which determines the evolution of the eigenstates of the unperturbed 
Hamiltonian in the presence of the perturbation. The meaning of (3.4) is that initially the 
system is described by a statistical ensamble of sub-systems, each in a given eigenstate of Hq 
and weigthed by the Boltzmann factor. After we switch on the perturbation, \4> n ) ceases to be 
an eigenstate of the perturbed Hamiltonian, so it acquires a non-trivial time evolution. 
Through Eq. (3.5) one readily finds the equation of motion for the density matrix 



We introduce the Dirac, also called interaction, representation of the density matrix as 



PD(t) 



jAot/n 



-iH t/h 



(3.6) 



which satisfies 



. 9 . , , 

ih—p D {t) 



H ,pD(t) 

V D (t),p D (t) 



+ e 



iH t/h 



H Q + V(t),p(t) 



-iH t/h 



where 



V D (t) = j dyie iAot / h i(x) e- i6ot ' h v(x,t) = J dxA(x, t) v (x, t), 



(3.7) 



being A(x, t) the Heisenberg evolution of -A(x) with the unperturbed Hamiltonian. We solve 

(3.7) perturbatively in v, i.e. po(t) = P$(t) + Pp\t) + . . . , where p^\t) contains n-powers of 
the perturbation. Obviously 

lim p D (t) = p = p$. 

t — >— oo 

We will limit our analysis to the linear response, hence we just need the first order term which 
satisfies 

ih^$(t) = [v D (t),pW(t) , 



with solution 

Therefore, at linear order, 
S(x,t) = 



dt' 



Vb(0,Po 



(3i 



Tr 



Tr 



f> D {t)e iiiot l h B(x) e iAot / h 
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Tr 

+Tr 



p D (t)B(x,t) 



Tr 



p B(x,t) 



= B(x)o + Tt[p^(*)B(x,t) 
where we used the fact that 



Tr 



po £(x, t) 



Tr 



PoB(x) =B(x) , 



is the unperturbed average value. We then find that the variation of the average value is given 
by 

ft 

B(x,t)-B(x) = -jrj dt'Tr{[v D {t'),p ~\ B(x,*)} 

eft 7 y dyTr{/5 [s(x, t), i(y, t')] } v(y,0 



I" d*' y dy^t-OTrjpo [£(x, t), i(y, t')] } t>(y,0 

/oo /• 
/ <fyXBA(x,y;t-0«(y,0. 
-oo J 



with the linear response function defined through 



X ba(x, y; t-t') = --0(t - t') ( [B( x , t),A(y, t')\ >, 



(3.9) 



(3.10) 



where (...) means a thermal and quantum average with the unperturbed density matrix and 
we recall that the operators evolve in time with Ho. 

Eq. (3.9) shows that, at linear order, the variation of any measurable quantity is obtained 
through the linear response function (3.10) which is only related to averages on the unperturbed 
system. 

We conclude by noticing that any average of pairs of time-evolved operators in the Heisenberg 
representation only depends on the time-difference, since the Schroedinger equation is time- 
translationally invariant. In fact 

(B(t)A(t')) = ^ (e-PH e iHt/hB e -iHt/h e iHt>/h Ae -iHt>/h^ 

= ^ T v( e -^e ,fl ( t - t ')/ ft Be- ,if ( f -'')/ s i) = (B(t - t') A(0)) 
= 2_Tr (e"^ tfV ie"* = (B(0) A(t' - <)). 
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3.2 Kramers-Kronig relations 



Let us now study the analytical properties of the response function in the frequency domain. In 
the following we drop the space-coordinate dependence of the response function, which is not 
relevant for what we are going to demonstrate. The response of an operator A in the presence 
of an external probe which couples to B is therefore 

XAB(t) = -^6(t)([A(t),B]), (3.11) 

where 

. H t a . H () t 

A{t) = e t ^Ae- t ^r. 

The response function (3.11) vanishes for t < 0, which is a consequence of causality. We 
introduce the Fourier transform through 

^e—WH, (3.12) 

as well as its analytical continuation in the complex frequency plane Xab(z)- If we assume, as 
it is always the case, that xab(z) does not diverge exponentially for \z\ — > oo, we can regard 
(3.12) as the result of a contour integral 



XAB(t)= <f^e- izt XAB (z), 



where the contour is in the upper half plane for t < and in the lower for t > 0. The integral 
catches all poles lying inside the contour. Since XAB(t) = for t < 0, it follows that 

• as consequence of causality xab(z) is analytic in the upper half plane. • 

Let us now consider the contour drawn in Fig. 3.1. Since there are no poles enclosed by the 
contour, it is trivially zero the integral 

dz XAB(z) = i (313) 

c z 

On the other hand the above integral is also equal to the line integral along the lower edge, 
hence 



-oo Juj+e) LO — LO J z =w+ eC xp(ie);9e[7r,0] iO — Z 

[°° , xab(lo') . f° M ( , ie \ 
V \ duj -i d0 xab w + ee , 
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A 



Im(z) 



2e 



Re(z) 



CO 



Figure 3.1: Integration contour in Eq. (3.13). 

the symbol V denoting the principal value of the integral. In the limit e — > 0, the above 
expression simplifies into 



P / dui + nrxAB(u) = 0, 

. a; — a;' 



which implies that 



„ f°° cL 

J-oo 7T 

TlexAB^) = 



djj' TlexAB^') 



UJ — UJ' 



oo 

, p 00 dJ_ XmxAB^') 



oo 



7T UJ — UJ' 



(3.14) 

(3.15) 
(3.16) 



known as the Kramers-Kronig relations. Therefore, because of causality, the real and imaginary 
parts of the response function are not independent. It is possible to rewrite both expressions as 



Xab(uj) = 

with rj an infinitesimal positive number. 



duj' ImxABjuj') 

TT Ul' — UJ — if]' 



(3.17) 



3.2.1 Symmetries 

Let us introduce back the space dependence, so that 



XAB(*,y;t - t') 



--0(t-t')([A(^t),B(y,t')\) 



(3.18) 



85 



Since both operators are hermitean, it follows that 



X ab(^ y; t - t'T = -9{t - t') ( [B(y, t'), i(x, t)\ > = xab(x, y; t - t'). (3.19) 



By definition 



XAB(x,y;w) = J dte tujt XAB(*,y;t), 
therefore, through (3.19), we find that 

Xab(x, y; u)* = J dt e~ tujt xab(x, y; *)* = xab(x, y; -w)- 

This implies that 



^exAB(x,y;w) = - [xAs(x,y;o;) + xab(x, y; -u)] 



is even in frequency, while 



ZmXAB(x,y;w) = — [%As(x,y;o;) - xab(x, y; -w)] 



is odd. 



3.3 Fluctuation-Dissipation Theorem 

Let us introduce other types of correlation functions. The first are the so-called structure factors 
defined through 

S AB (x,y;t) = i(i(x,0%)). (3.20) 
In addition we introduce the dissipation response function 

xle(x, y; t) = ^( [i(x, t), B(y)] ) = ^ [5 AB (x, y; i) - S BA (y, x; -t)] , (3.21) 
whose meaning will be explained in the following section, as well as the fluctuation one 

F AB (x,y;t) = l({i(x,t),B(y)}> = \ [Sab(x, T, t) + S BA (y, x; -t)] . (3.22) 
One readily verifies that the former is related to the response function through 

Xab(x, y; t) = j [xab(x, y; t) - XBA(y, x; -t)] , 
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which in the frequency domain reads 

x'ab(*, y; = % - [xab(x, y; w) - XBA(y, x; -w)] . (3.23) 

In particular 

XM( x 1 x ; w ) = - Im XM(x,x;w). (3.24) 
Through the definition (3.20) we find that 

S BA (y,x;-t) = i-&( e -^e-*sB(y)e^U(x)) 

1 Tr fe-^ e**^ i(x) e^"^ B(y] 



Therefore 



Z 

S AB (x,y,t - ihfi). 



S BA (y,^-co) = J dte- iu > t S BA {y,x;t) = J dte iuit S BA {y,^-t) 

= j dte i " t S AB (x,y;t-ihp) = e-P n "S AB (x,y;u>), (3.25) 



namely 



X AB {^y;u) = ±S AB (x,y;u) (l - e"^) , (3.26) 

F AS (x,y;u,) = |sUb(x, y; u) (l + e"^) . (3.27) 
In other words the following relation holds 

F AB (x,y;uj) = ftcoth ( J xlB( x >y; w )> ( 3 - 28 ) 



which is the so-called fluctuation-dissipation theorem. Indeed, if A = B and x = y, F AA (x, x; t = 
0) is an estimate of the fluctuations of A. On the other hand 

/A 

— F AA (x,x;u) (3.29) 

. f duj ( f3Tiu\ a 

= / 2^ l^T J x ^( x ' x;w )' ( 3 ' 3 °) 

which relates the fluctuations to the dissipation. 
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3.4 Spectral Representation 



The spectral representation of the response functions gives instructive information about their 
physical meaning. Let us start from the structure factor (3.20) which can be written as (in the 
following we do not explicitly indicate the space dependence) 

S AB ( t ) = ^=y i e-^(n\e iAt ^Ae- i ^ h B\n) 
n 

= ^^z~ pEn e i{En ~ Em)t,h (n\A\m)(rn\B\n). 

nm 

After Fourier transformation we get 

Sab(oj) = yY1 e_/3£n {n\A\m)(m\B\n) 5 (hu + E n - E m ) . (3.31) 

nm 

The meaning is now self-evident. The matrix element (m\B\n) is the transition amplitude 
for the excitation of the initial state |n) into the final one \m) induced by the operator B, 
while (n|A|m) decribes the reverse process but now induced by A. The excitation followed by 
relaxation process is weigthed by the Boltzmann factor for the initial state and contributes to 
Sab(v) only if the energy difference E m — E n is ftiu. Thus Sab{w) is a spectral function which 
measures the transition amplitude for excitations induced by B and de-excitation induced by A 
with a given energy Two. 

Through (3.25) we also find that 

Xab{") = fE e_/3£n (l-e-^) (n\A\m)(m\B\n)S(hu; + E n -E m ) 

nm 

= ^Yl ( e ~' 3En -e _/3£m ) (n\A\m)(m\B\n) 5{hu + E n - E m ) , (3.32) 

nm 

which means that Xab^) 1S * ne transition amplitude for |n) — > \m) induced by B and \m) — > \n) 
induced by A weighted by the occupation probability 

e -(3E n 

of the initial state | n) minus that one 

g— /3E m 
Pm ^ j 

of the final state | m) . We notice that 

Pn-Pm= Pn(l ~ Pm) ~ Pm(\ ~ Pn), 
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namely it is the probability of n being occupied and m empty, minus the opposite. In other 
words, Xab( w ) measures the absorption minus the emission probability of an energy hu, namely 
the total absorption probability. 

Finally, one can analogously derive the spectral representation of the response function xab, 

XAs(t) = -{e{t)±Y.^ En 

nm 

e i(E n -E m )t/h (n\A\ m )(m\B\ n ) - e -i(E n -E m )t/h ( n \B\ m ) ( m \A\n) 
~0(t)^Y,( n \ A \ m )( m \B\ n )e i{En ~ Em)t/h ( e_/3£ " - e_/3Bm ) • 



For the Fourier transform one has to evaluate the integral 



-i I dte iu)t S En - Em)t/n . 
lo 



Since the perturbation has been assumed to be switched on at very early times, a meaningful 
regularization of the above integral is 



"OO * 

_ ; | dte iujt S En ~ Em)t/h e~ vt/h 



hu - (E m - E n ) + ir)' 

where r]/h is the switching rate of the perturbation, and is taken to be an infinitesimal positive 
number. As a result we find that 

X«M = ~ z E^NHBIh) ^, (3.33) 



3.5 Power dissipation 

Till now we have formally introduced several response functions. In this section and in the 
following ones we are going to show how those functions emerge in real experiments. 

Let us first analyse the power dissipated in the presence of the perturbation. Given our 
starting assumption about the time-evolution of the density matrix (3.4), it is clear that the 
entropy defined through the phase space occupied by the statistical ensamble remains constant 
and equal to the thermal equilibrium one, So- Therefore the system free energy is 

F(t) = U{t) - TS = (U(t) - U ) + F , 

so that 

dF(t) _ dUjt) 
dt ~ dt 
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On the other hand, since 
it follows that 



dUjt) 
dt 



U(t) = Tr (p(t) H ) , 

~Tr (JH Q + V(t),p(t)] Ho) 
Ho,H + V(t)]) 

Tr(p(t) [H ,V(t)]). 



h 



(3.34) 



We assume that the perturbation has the general form 

V(t) = J2Aj vj(t), 



so that 



dU(t) 



dt 



h 



vj{t) Tr (p(t) 



Ho,Aj\) = ^X>j(t) {[Aj,Ho])(t), (3.35) 
J J 
where the last term denotes the average value of the operator within the bracket in the presence 
of the time-dependent perturbation. We further notice that 

Aj(t) = Tr (p(t) Aj)=Y.I dt ' XJJ'(t - t') vj,{t'l 

11 •* 



where 



xjj' (t-t') = -^e(t-t')([Aj(t),A J/ (t')\). 



Therefore, by recalling that the operators evolve with the unperturbed Hamiltonian, we find 
that 

ih Y,J ' dt '^ t XJJ'(t-t')vjit') = Y^Jdt'5(t-t')([Aj(t),Aj,(t)]}vj,(t') 

E / dt' l -e(t-t')i\\Aj(t),Ho\ .AhoWcO 



Yl(\h{t),Aj,{t)])vj>{t) + ([Aj(t),H ]). 



After inserting into (3.35) we finally get 

dU(t) 

J.J 



dt 



- E / dt ']f t XJJ>(t -t')vj(t)vj,(t>) 

7 17 J 
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j, j' 

The last term vanishes since the commutator is odd by interchanging J with J', while vj(t) vj>(t) 
is even. Hence 

^T = "E / dt'§- t xMt-t')vj(t)vj,(t'). (3.36) 

Let us write 

vj(t) = l{vje- iut + v*je iut ), (3.37) 



and define the power dissipated within a cycle, W, through 



at 

By performing the integral and by means of (3.36) and (3.37) we obtain for W the expression: 
W = i - V J V J' [xjj'M - Xj'j(-w)] = | Yl V J XJJ'M V J'> ( 3 - 39 ) 

where Eq. (3.23) has been used. The power dissipated during a cycle is proportional to what we 
defined as the dissipation response function, thus explaining its name. Indeed, as we showed in 
the previous section, ^jj/(uj) measures the probability of energy absorption during the process, 
hence its appearance in Eq. (3.39) it is not unexpected. We notice that, since W > 0, it derives 
that loxjji(w) is a positive-definite quadratic form. In particular 

^XjjM = -ulmxjj(u) > 0, 
namely the imaginary part of Xjj( w ) is positive for u < and negative otherwise. 

3.5.1 Absorption/Emission Processes 

The power dissipation is related to the absorption minus emission probability. However, there 
are other measurements where only absorption or emission is revealed. For instance one can shot 
on a sample with a beam of particles, either photons, neutrons, electrons etc., and measure 
the absorption probability of an energy Tilo. If the coupling between the beam and the sample 
is represented by an operator A, the Fermi golden rule tells us that the absorption rate per unit 
time of an ensamble at thermal equilibrium is 

W = Y^e-^ \{f\A\i)\ 2 5(hu + E i -E f ) = S AA (u), (3.40) 

if 

which enlights the meaning of the structure factors. 
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3.5.2 Thermodynamic Susceptibilities 

Let us consider again a perturbation of the form 



Let us further assume that the only time-dependence of the external probes vj(x, t) comes from 
a very slow switching rate (adiabatic switching) which just sets the proper regularization of 
time-integrals as in Eq. (3.33). Hence, for times far away from the time at which the pertur- 
bation is switched on, the external probes become constant in time, vj(x,t) = fj(x), and the 
thermodynamic averages lose any time-dependence. In this limit 

/oo r 
dt' / dy X jj'(w,t-t') vj,(y) 
-oo J 

dyXJJ>(x,y,u = 0) vj>(y). (3.41) 



V J 



J' 

Let us now consider a generically perturbed Hamiltonian of the form 



H = H + Y, I dyAj(y)vj(y), 



which therefore admits stationary eigenstates. The perturbed free-energy turns out to be a 
functional of the external fields vj(y), F = F [vj(y)]. Standard thermodynamics tells us that 

<A/(x)> <)b 



Svj(x) ' 



which is in general different from its average value, (Aj(x))q, in the absence of external fields. 
For very small external fields one finds at linear order that 

U,(*)> - (i,M>„ - £/«y { 5vA Z Ay) ) v __ o »-(y), (3.42) 

where the second derivatives of the unperturbed free-energy are the so-called thermodynamic 
susceptibilities. Comparing (3.42) with (3.41) one obtains that 

W.Wx.y:-^ ();. (3.43) 



8vj(x) 5vjf{y)J V=Q 



which relates thermodynamic susceptibilities to the response functions at zero frequency. Notice 
that thermodynamic stability implies that — \ j j< (x, y ; oj = 0) is positive definite. 
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Exercises 



(1) Consider a free electron Hamiltonian 

in the presence of a Zeeman splitting due to a slowly varying magnetic field oriented along 
the z-direction B(q, t). The perturbation is 

V(q,t) = y n B gB(q,t)a-q, 

where V is the volume, hb the Bohr magneton, g ~ 2 the electron gyromagnetic ratio and 
cjq the spin density operator at momentum q defined through 



IE 



'kt C k+qt C k| C k+q| 



By linear response theory, the average of the spin-density operator at momentum q is 

<*q>(*) = / dt' X (<l,t-t') { gt x B B(q,t')) , 

where 

X (q,t " if) =~\\ 0{t - 0<kq(*), *-q]>, 

is the magnetic response function per unit volume. (Prove that for any p / q ([a p (t), cr_ q ]) 
0, so that only the Fourier component q is affected by the magnetic field.) 

• Find the formal expression of 

X (q,o;) = J dte^xi^t). 

• Calculate the magnetic susceptibility, namely 

X = I™ x(q,w = °)i 

q->0 



at zero temperature in terms of the density of states 



V u 
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Figure 3.2: Geometry of the tunneling problem (2). 

• Prove and discuss that 

X(q = 0,w) = 0. 

(2) Consider two disconnected metallic leads, a right one (R) and a left one (L), see Fig. 3.2, 
described by the unperturbed Hamiltonian 

kcr 

At some time, a voltage bias V is applied, implying that the two leads are kept at different 
chemical potential, i.e. that the following perturbation is added to the Hamiltonian 

V V- = f 1^ (4?ka C iJk CT - C Lk/Lk ff ) = f i N R ~ N L) , 
kcr 

with /i = ey. At the same time a tunnelling between the two leads is switched on, which 
is described by the additional perturbation 

y T = T (ek,e P )4 ka c ipCT + if.c, 

ko- 

where we further assume that the tunneling amplitudes T(et, e p ) depends only on the 
energy. Therefore the fully perturbed Hamiltonian is 

H = H + V tl + V T . (3.44) 

• Using the Heisenberg equation of motion with the Hamiltonian (3.44), calculate the 
expression of the operator of the current flowing from the L to the R lead, which is 
defined through 

T= 1 -{N R -N L ) = - 1 - [{N R -N L ),H}. 



94 



• Extending the derivation of the linear response up to second order in the perturbation, 
calculate the average value of the current / = (X). (One needs the second order 
density matrix in the perturbation + Vr, and in particular the mixed term 
which derives from V^Vt-) For the explicit calculation it is convenient to introduce 
the density of states N(e), which is by definition equal for the L and R leads. 
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Chapter 4 

Hartree-Fock Approximation 



In this chapter we describe the simplest approximate technique to study a model of interacting 
fermions: the Hartree-Fock approximation. This technique is variational and can be applied 
both at zero and at finite temperature. Essentially within the Hartree-Fock approximation the 
effects of the particle-particle interaction are simulated by an effective external field acting on 
the particles which is self-consistently generated by the same particles. This is also the reason 
why the Hartree-Fock approximation is a Mean Field theory. 

The main body is devoted to the Hartree-Fock approximation for interacting fermions. In 
the last Section the case of bosons is briefly discussed in connection with superfluidity. 



4.1 Hartree-Fock Approximation for Fermions at Zero Temper- 
ature 

The Hartree-Fock (HF) approximation at zero temperature consists in 

• searching for a Slater determinant which minimizes the total energy. 

Since in general the ground state wavefunction is not a single Slater determinant, the HF ap- 
proach is variational hence the HF energy is an upper bound to the true ground state energy. 
The trial HF wavefunction is a Slater determinant, namely 



$hf(xi, ■ ■ -,x N ) = 



1 

7M 



(f>l(Xi) 

<h(xi) 

<f>N(xi) 



<pi(x N ) 

4>2{x N ) 

4>n(xn) 



(4.1) 



where N is the electron number and the sigle particle wavefunctions <j)i{x) are for the meanwhile 
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unknown. They are assumed to belong to a complete set of orthonormal wavefunctions 

dx<t> i (x)*<l> j (x) = 6i j . (4.2) 



The Hamiltonian in first quantization is given by 

N 1 
H = ^T{xi,Pi) + - , 22u(xi,Xj), 

1 = 1 iytj 

where 

T(x,p) = -^V 2 + V(x) 

is a single particle contribution including the kinetic energy as well as a potential term. 
The average value of the Hamiltonian over the wavefunction (4.1) is 

{$hf\H\$hf) „v 
= (* HF \* HF ) ■ (4 - 3) 

One has to impose that the variation of Ejjf vanishes upon varying the trial wavefunction, 
keeping it still of the form of a Slater determinant. Most generally, this amounts to change one 
of the single particle wavefunctions, namely 

<j>i{x) -^Ni{Ux)+5Ux)). (4.4) 

Clearly, if the variation 5<fii(x) has a finite overlap with anyone of the 0fc(x)'s already present 
in (4.1), the Slater determinant does not change, hence such a variation is irrelevant. Therefore 
the only meaningful possibility is that 

8<t>i{x) = r)4>j{x), (4.5) 

where rj is an infinitesimal quantity and <j>j belongs to the set of wavefunctions (4.2) but does 
not appear in (4.1), namely j > N. The normalization Mi in Eq. (4.4) is given by 

M~ 2 = J dx + rf^ix)*) (^(x) + #,(x)) = 1 + \ V \ 2 . 

Therefore Mi ~ 1 at linear order in 77. This implies that also the normalization of the Slater 
determinant <$>hf + wS^hf remains one at linear order in 77, hence 

5E HF = ri*(5^HF\H\^HF} + ri(^HF\H\S^ HF ) 

= Her] Ke{5<S>HF\H\$HF) + Imr] lm{5<S> H F\H\<S> H F) = 0. 
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Since 77 is an arbitrary infinitesimal number, this implies that 

Ke(S<f> HF \H\<f>HF) =lm(5<S> HF \H\<f>HF) = 0, 

namely 

(5&hf\H\$hf) = 0. (4.6) 

Let us rephrase everything in second quantization. We associate to any of the wavefunctions 
4>i(x) an annihilation and a creation operator, c { and cj, respectively. The wave-function (4.1) 
is given by 

N 

\<s>hf)=h4\o), 

i=i 

while the variation 

\S&Hf) = JjC^HF), 

with j > N while i < N. The Hamiltonian in second quantized form is given by 

H = li i c \ c i + 2 £ Uijkl c H c k c i ' ( 4 - 7 ) 

ij ijkl 

where the parameters are the matrix elements over the basis set (4.2). What we need to solve 
is therefore the equation 

(®HF\c\ Cj H\<S>HF) = 0, 

where i < N and j > N. For that we need the following two equalities, which can be easily 
derived: 



^tk^HF^C^C^HF) = tji 
kl 

» U klmn{'S>HF\4c j clclc m C n \$HF) 



2 

klmn 



N 



2 ^ ] Ujmmi + U m ji m Uj m i m U n 
N 



— ^ ^ Uj mm i Ujmim j 
m=l 

where the last expression comes from the symmetry relation 

Uijki Ujufc. 
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Eq. (4.6) implies that 

JV 

tji ^ ] Ujmmi Uj m i m = 0, (4-8) 
m=l 

if j > N and i < N. In other words, the Slater determinant which minimizes the total energy 
is constructed by single particle wavefunctions <piS which have matrix elements obeying (4.8). 
Let us suppose that we have found instead a set of wavefunctions (p^s satisfying 

N 

^i* ^ ] Uj mm i Uj m i m = €j 5ij . (4-9) 

m=l 

This set authomatically satisfies also (4.8), hence it does solve our variational problem. In first 
quantization Eq.(4.9) reads 

JV 

T(x,p)<f>i(x) + ^2 / dyU(x,y) {(f) m {y)* (/) m (y)4>i{ x ) ~ <t>m{y)* <i>m{x)<i>i{y)) = £i<t>i{x), (4.10) 

m=l 

which is the standard Hartree-Fock set of equations. 

Notice that there might me several Slater determinants built up using N of the wavefunctions 
solving (4.9) which would satisfy the HF variational principle. Among them one has to find the 
Slater determinant which makes minimum the total energy for ./V electrons, which can be easily 
found to be 



N N 

E HF (N) = (<$> HF \H\<f> HF ) = Ui + j Yj Uimmi ~ Uimim 

i=l i,m=l 

N N 

= ^ ~] 2 ^ ] Ui mm i Ui m i m . (4.11) 

i=l i,m=l 

Notice that, if for iV — 1 particles the Hartree-Fock single-particle wavefunctions stay approxi- 
mately invariant, then 

JV-1 j JV-1 

Ehf{N - 1) ~ ^2 Ui + ^ ^ mm * ~~ Uimim 

i=l i,m=l 



AT JV 
^ *ii (1 - <5i/v) + 7 ^ (Uimmi - Uimim) (1 ~ <5jjv) (1 ~ <>mjv) 



2 

i=l i,m=l 



= E HF (N)-e N , (4.12) 

showing that the Hartree-Fock single particle energies correspond approximately to the ioniza- 
tion energies. 
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4.1.1 Alternative approach 

The Hartree-Fock equations (4.10) are complicated non-linear integral-differential equations. 
This is especially true if one does not impose any constraint on the form of the variational 
Slater determinant dictated for instance by the symmetry properties of the Hamiltonian, what 
is called unrestricted Hartree-Fock approximation. However, very often one expects that the 
true ground state has well defined properties under symmetry transformations which leave the 
Hamiltonian invariant. For instance, if the Hamiltonian is translationally and spin-rotationally 
invariant, one may expect that the true ground state is an eigenstate of the total spin and of the 
total momentum. For this reason one would like to search for a variational wavefunction within 
the subspace of Slater determinants which are eigenstates of the total spin and momentum. 
This amounts to impose symmetry constraints on the general form (4.1) of the variational 
wavefunction. Yet, this is not a simple task if one keeps working within first quantization. 
The second quantization approach to the Hartree-Fock approximation which we describe in the 
following has the big advantage to allow an easy implementation of such symmetry constraints. 

Let us suppose we have our Hamiltonian written in a basis of single particle wavefunctions 
{4> a (x)} which is more convenient to work with (for instance Block waves) 

H = ^ ta/3 4 c /3 + \ Yl Ua ^ S C a4 C 7 C 5- ( 413 ) 

a/3 a/375 

Our scope is to find the basis {(fii(x)} which solves the Hartree-Fock equations (4.9). The 
Hartree-Fock wavefunction (4.1), being a Slater determinant, should be the ground state of a 
single-particle Hamiltonian, which we define as Hhf- We write such an Hamiltonian in the 
following general form 

Hhf = Yj ta P C a c /3 + 'Y C a C /3 A 7 5 (^a 7 5/3 ~ U al ps) 
a/3 a/37<5 



4 

a/3 



C /3 



t a /3 + Ys ^~' 5 (UarySP ~ U a -yps) 
7<5 

= Ys C * (tap + hap) c p> ( 4 - 14 ) 

a/3 

where we have introduced a set of unknown variational parameters satisfying A Q/ g = A^ a , for 
the Hamiltonian to be hermitean, or equivalently a set of unknown external fields h a p. The 
ignorance about the basis set {(pi(x)} is reflected in the ignorance about the A's. Since Hhf is 
quadratic, it can be diagonalized by a unitary transformation 
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with UU^ = 1. The above unitary transformation depends parametrically on the A's, i.e. 
U = U [A] . In terms of the eigen-operators 

H H f = ^2 e i 4 c i- 

i 

The ground state, if e\ < 62 < . . ., is simply 

N 

\*hf) = U4\0), 



1=1 



and by definition has to coincide with the Hartree-Fock wavefunction (4.1). 
Through Eq. (4.9) this leads to the equation 



Pi 



a/3 



a/3 



t a + ^ A 7<5 (U al S(3 - U al f3$) 



7<5 



A? 



— ^ij ^ ] Ui mm j Uj 



tmjm- 



m=l 



We notice that the unitary transformation 



implies that the corresponging wavefunctions transform like 

a 

M*y = £z4 

a 

Therefore, for instance, 



a/3 J \ a J \ (3 J 



(4.15) 



which shows the equivalence of the first term in (4.15). 
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By analogy, we write 

ij 

so that the second term in (4.15) reads 

^ U\ a [A 7<5 (UaryS/3 - U al /3s)]U/3j 
af3yS 

kl a/3jS 

= ^ ^kl {Uiklj - Uikjl) ■ 
kl 

For Eq. (4.15) to be satisfied, one should impose the following condition 

N 

^ ^ AfcJ {Uiklj ~ Uikjl) = ^ ^ {Uimmj Ui m j m ) , 
kl m=l 

which is satisfied if 

A k i = 5 kl n k , (4.17) 

where n k is the occupation number in the wavefunction (4.1), namely n k = 1 if k < N and zero 
otherwise. This is the condition one has to impose for the Hamiltonian Hhf to have as ground 
state just the desired Hartree-Fock wavefunction (4.1). 

In terms of the original variational parameters A Q/ g this condition implies, from (4.16), that 

N 

A Q/3 = E4JA]%[A]. (4.18) 

i=i 

Since the unitary transformation depends parametrically on the A Q( g, (4.18) is a self-consistency 
equation whose solution is perfectly equivalent to the solution of the full Hartree-Fock set of 
equations (4.9). 

We observe that (4.17) is also equivalent to 

A/d = ($hf|4 c z \$hf) = hi n k . 
Upon inserting this equivalence into (4.16) we get 

A a/ 3 = J2 U L U ^HF\4 Cj ^ HF ) = (GhfIcU^hf). (4.19) 

ij 

This is our final result. It implies that the variational parameters A Q/ g which define the Hamil- 
tonian Eq. (4.14) have to be choosen as the average values of the bilinear operators c^c^ on the 
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ground state of the same Hamiltonian Hjjf, m order for this ground state to be the Hartree-Fock 
wavefunction (4.1). 

The above alternative Hartree-Fock scheme has a big advantage since one can impose phys- 
ical constraints directly on the variational parameters due to the fact that they also represent 
quantum average values through 

A a/3 = (^HF\cic p \^HF)- 

It this way one can reduce their number and consequently the computational effort. 

Let us consider a very simple example. Suppose the Hamiltonian (4.13) is invariant under 
spin rotational symmetry. The basis-set wavefunctions are labelled by a = (a, a), where a is 
the spin. The variational parameters are, accordingly, 

&aa,ba> = ($HF | C^C^ | $ H f) ■ 

We want to restrict our Hartree-Fock analysis to the subspace spanned by eigenstates of the 
total z-component of the spin operator. In this case clearly 

AaT,6| = A aii6T = 0. 



We end by noticing that the Hartree-Fock total-energy is equivalently given by 

N 1 

EhF = ^2 €i ~ 2 A "/3 A 7<5 (UorfS/3 ~ U al ps) ■ (4.20) 

i=l a/3jS 

Clearly, among all possible Slater determinants, Ejjf is minimized only by the true Hartree-Fock 
solution. This suggests still another way of deriving the Hartree-Fock equations. Namely the 
self-consistency condition (4.19) can be straightforwardly derived by the minimal condition 

§^ = 0. (4.21) 

Let us conclude this section by summarizing the main result. 

Given the interacting Hamiltonian 

H = tap ctcp + 7}Y1 Ua ^ s C «4 C 7 C 5' 

a/3 a/375 
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then the Hartree-Fock variational wavefunction \&hf) is the ground state of the 
single particle Hamitlonian 

a/3 a/?7i5 

where the parameters A Q/ g have to be determined self-consistently by imposing that 

A a/3 = {®HF\cicp\<S> HF ). 
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4.2 Hartree-Fock approximation for fermions at finite temper- 
ature 



A variational approach of the Hartree-Fock type can also be implemented at finite temperature 
as a variational minimization of the free energy. Before presenting the method, it is necessary 
to introduce some preliminary results. 



4.2.1 Preliminaries 

Let us consider a generic Hamiltonian 

H = Hq + V, 

where Hq is the unperturbed Hamiltonian while V is the perturbation, e.g. the interaction, 
which does not commute with Hq. The partition function is defined through 

Z = e-? F = Tr (e"^) . (4.22) 

We assume that the free energy can be expanded in powers of the perturbation, namely 

n=0 

where contains n-powers of V. 
Let us define for real r's 

implying that 

S( T ) = e^ or e-^ T . 

From this expression it follows that 

= -e^Te-^ r e^ T e^ r = -V{t)S(t), (4.24) 

where we define the unperturbed evolution (Dirac or interaction representation) in imaginary 
time as 

V(j) = e^Ve-^. 

The equation of motion satisfied by the S'-function allows a very simple perturbative expan- 
sion. The 0-th order = 1 since at this order H = Hq. Morover, the boundary condition at 
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r = is 5(0) = 1, implying that all S(")(t = 0) = for n > 0, since already = 1 and, for 
any n and r, S'^(t) > 0. The first order term satisfies 

The solution with the appropriate boundary condition is 

sW(t) = - [ dnVfa). (4.25) 
J o 

For a generic n, the equation of motion reads 

whose solution can be iteratively found starting from the expression of , and reads 

S^(t) = (-1)™ [ T dT n dr„_i ... f* d Tl V(r n ) F(r„_i) . . . V(n). (4.26) 
Jo Jo Jo 

We can rewrite this term as \/n\ times the sum of all the terms which are obtained by permuting 
the n-indices. This allows us to formally write 

5(n) (r) = l_L / Y[ dTi T T (y(r 1 )V{T 2 )...V{r n )) , (4.27) 
Jo i=i 

where we have introduced the so-called time-ordered product of operators, T T , which is defined 
as follows: 

• the time-ordered product T T of several operators at different (imaginary) times is the 
product where the operators are ordered in such a way that those at later times appear 
on the left of those at earlier times. If some of those operators are fermionic-like, namely 
contain odd number of fermionic operators, the result has to be multiplied by (— l) p , 
where P is the order of the permutation needed to bring the original sequence of only the 
fermionic operators into the time-ordered one. 

For instance the time-ordered product of two operators A\(t\) and ^2(^2) is 

T r (i(ri)i(r 2 )) = 9 (n - r 2 ) A(n)A(T 2 ) ±6(t 2 - n) i(r 2 )i(n), 

where the — sign has to be used if both operators are fermionic-like. 
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Having introduced the time-ordered product, we can write the general expression for the 
5-operator as 

S( T ) = T T (e~ SS dT ' ^ (r,) ) . (4.28) 
Coming back to the partition function, it can be rewritten as 



Z = Tr e 



-f3H 



Tr [e- (3Ho S{f3)^ 
= Z ^Tr(e-^S(P))=Z (S([3)) , 



(4.29) 



where 



Z = Tr (e-^°) = e" 



is the unperturbed partition function and (. . .)o means a quantum and thermal average with the 
uncorrelated Boltzmann weight, namely 

<...,„ = £*(.-**...). 

In a perturbation expansion 

(S(J3)) = £<S (n) (/?)>o = S S(n) = 1 + S(1) + ^ + ■ • • ■ 



?1=0 



n=0 



Therefore 



1-/^(1) + \f ^(D) 2 _ /3F (2) + ... 
1 + + 5 (2) + . . . 



which leads to 



^ (1) = -^(^ {1) (/3))o 

2 



F (2) = _± S <2) + lp( F (l) 

13 T\ 



^(5 (2) (/3))o + ^(^ (1) (/3))o) 2 . 



(4.30) 
(4.31) 



Let us first consider (4.30). We need to calculate 



(S W (P))o = -^Tr 
Zq 



1 

Z~n 



-Tr 



-0H O 



-0H O 



/ dre THo Ve- Th 
Jo 

/ dry =-/3(y) c 

Jo 



(4.32) 
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Hence 



F {1) = (V)o, 



(4.33) 



is the thermal average of the perturbation. 

Prom the expression of (/?) one can easily show that 



1 rP 

F {2) = -^J o dT ± dT ^r [(v(ti) - (V)o) (V(r 2 ) - (y) )] ) . (4.34) 

Going up in perturbation theory, one finds that the generic is obtained by a cumulant 
expansion in powers of V, namely an expansion in 

V(t) - (V) . 

We want now to show that F^ < 0, which is the finite temperature analogoue of the known 
result that second-order perturbation theory always decreases the ground state energy. Let us 
consider an hermitean operator A(t) such that (A) = 0, a property shared also by V{t) — (V)o- 
Then 



rP f\ 

/ dr l / 

Jo Jo 



dr 2 Tr 



e-^A( Tl )A(T 2 ) 



= E/ dr 

n,m Jo 

= Y,\(n\A\'' 



dro e~ /3en e^ n ~ em ^ T1_ ' r2 ^ ) 



(n|A|m) 



n,m 



-Per, 



-a- 



i-Pe-n 



Since the matrix element (n|yl|m) is even by interchanging n <-> m, the first term in the 
square brackets, being odd, vanishes. The second term gives, after symmetrizing the sum 



1 



2 p-P^r, 



which is always greater than zero. 
By this result, one can write 

F(2) = -^E|H (v-(V) )\m) 

n,m 

hence the desired result F^ < 0. 



2 e ~Pe m _ e ~Pe 



108 



How do we use this property ? Let us consider the perturbed Hamiltonian 

H(X) = H + XV. 

Then 

F(X) = + \fW + A 2 F( 2 ) + . . . , 

where, as we showed, the curvature < 0. Therefore in the interval A £ [0, 1], the function 
-F(A) has a downwards curvature. This implies that in this interval 

F(X) < F^+XF (1 \ 

leading to the variational principle 

F = F(X = 1) < + F« = -1 InTr fe"^ ) + ^ ^Tr (V^ V") . (4.35) 

p V / Trfe - - 8 ^ ) ^ ' 

4.2.2 Variational approach at T^O 

Let us apply this finite temperature variational principle to our interacting problem. 
The interacting Hamiltonian is, as usual, 

a/3 o/375 

We define an unperturbed Hamiltonian 

a/3 

which contains variational parameters h a p [the similarity with (4.14) is not accidental, as we 
will show], so that 

a/375 a/3 

By the variational principle (4.35), we can get an upper bound to the true free energy by choosing 
the variational parameters h a p which minimize the right hand side of (4.35). This is what we 
intend to do in the following. 

Since Hq is quadratic in the fermionic fields, it can be diagonalized by some unitary trans- 
formation 

c a = y^^aiCj, 
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leading to 

i 

Any many-body eigenstate of Hq, e -g- with energy E n , can be written as a single Slater 
determinant. The following property then holds 

ijkl 

ijkl n 

= -g- ^2uj a U^U lk U S i J^e _/3£ ™ (SuSjk - 5 ik 6ji) (n|cjc- |n)(n|c]c j |n) 
= Y. U lu}pU lk U 5 i {SuSjk - SikSjt) fi(T)fj(T) 

ijkl 

= (4c 5 )o(4c 7 ) - (4c 7 ) (4c 5 )o = A a5 (T)A^ 7 (T) - A a7 (r)A^(T), (4.37) 

where 

Z = Tr(e-^)=n(l + e- /3ei ), 

i 

is the partition function of Ho, 

f ^ = i + e ^ ' 

is the Fermi distribution function and we have introduced the thermal averages 

Aq/3 (T) = ( C t C/3 ) . 

The previous result shows in a particular case the following general result 

• the thermal average of a product of n creation and n annihilation operators with a bilinear 
Hamiltonian Hq, namely 

(4A 2 ■ ■ ■ 4 n c jlCj2 . . . c jn ) = ^-Tr . . . c^ iS ... Cjn ) 

= £ (-i) p <iWo<4<Wo • • • ^ 
p 

where (jp 1 ,jp 2 , ■ ■ ■ ,jp n ) = P(ji,j2, ■ ■ ■ ,jn) is a permutation over the n j-indices and P is 
the order of the permutation. The most general case where the operators are not ordered 
in such a way that creation operators appear on the left can be straightforwardly derived 
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from the above result. Essentially one has to consider all possible contractions between a 
creation, cj, and an 
contraction means 



creation, cj, and an annihilation, c^, operator. If the former is on the left of the latter, the 



otherwise it means 

M>o. 

The sign of a given product of contractions is plus or minus depending on the number 
of fermionic hops one has to do to bring each pair of operators to be contracted close 
together. 

Coming back to our original scope, we need to solve the equation 

ago) apw 

dh a p dh a p 

Let us first consider the first term on the left-hand side. Since 



i?(0) = -^ ln ( 1 + e ~ /3 ")' 



then 

&F(°) 1 ^ ( „ de 



dh 



a/3 



-^T^{-^) = ^(n («») 



This result derives from a general property, known as Hellmann-Feynmann theorem, which states 
the following. 

• We consider a non-interacting Hamiltonian Hq with single particle eigenvalues ei and 
eigenfunctions 4>i(x), and a perturbed Hamiltonian 

H + 5H = H Q + Shapc^Cp, 

with eigenvalues £j+(5ej and normalized eigenfunctions (4>i(x) + 5(f>i(x)). Since (<50j|</>j} + 
{4>i\8(j)i) = 0, the normalization Ni = 1 + 0(Sh 2 ), hence at linear order 

5ei = (fo + 6</>i\H + 6H \<i>i + Sfc) - (</>i\H \<i>i) 

= {SfrlHolh) + <&|Jf |<tyi> + {<i>i\SHo\<j>i) = e t ((54>i\4>i) + (4>i\S</>i)) 
+Sh a/3 {(f> i \cl l c j3 \(j) i ) = Shapifclc^Cplfc). 

Therefore 
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After inserting (4.40) into (4.39), one does obtain the right hand side. 

By means of (4.37) we find that F^ defined through (4.33) and (4.36) is given by 

= (V)o = \ J2 Aa/3(T)A 75 (T) (U ai sp - U aif3S ) - J> a/3 A a/3 (T), 



hence 



= -A Q/3 (T) - + E " U ^u) ■ (4.41) 



-yd ■ydfj.v 

The sum of (4.39) and (4.41) gives therefore 



75 



dh af3 



0, (4.42) 



which should hold for every pair of indices (a/3) . The solution of this equation reads 

h lS = (U^s - U lil5v ) = — (U^uS ~ U 7/jSv ) Tr (e-^'cj^) . (4.43) 

Therefore the single particle Hamiltonian Hq which minimizes + F^\ hence providing an 
upper bound to the exact free energy, is defined through variational parameters h a g which have 
to be determined self-consistently through Eq. (4.43). Notice that this equation is just an 
extension of the Hartree-Fock Hamiltonian (4.14) at finite temperature, where the variational 
parameters have to correspond now to thermal averages and nomore to ground state averages. 

Finally notice that the Hartree-Fock Hamiltonian Hq represents non-interacting electrons in 
the presence of a fictitious external field which, through (4.43), is indeed the self-consistent field 
generated by the same electrons. This is the reason why the Hartree-Fock approximation is also 
called Mean-Field approximation. 
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4.3 Mean-Field approximation for bosons and superfluidity 



The nai've Hartree-Fock approximation for interacting bosons, in the spirit of what we did for 
fermions, might be searching for the permanent of single-particle wavefunctions which has the 
lowest average value of the Hamiltonian. This is however not so easy in general because a 
permanent, unlike a Slater determinant, does not vanish if the single particle wavefunctions, 
out of which it is constructed, overlap each other. In addition, bosonic Hamiltonian fall into 
two different classes. The first includes models where the number of bosons is not a conserved 
quantity, e.g. phonons in solids. In this case a permanent, which is by definition a wavefunction 
for a fixed number of particles, is a very poor approximation for the actual ground state. The 
second class includes models where the number of bosons is conserved, as for instance models 
for liquid 4 He. Here however one has to face another problem, namely Bose condensation, and a 
single permanent is not expected to be a good approximation, too. In other words there is not 
a unique prescription for a simple and accurate mean-field approximation for bosons. In what 
follows we discuss an Hamiltonian for bosonic particles in the second class, i.e. which conserves 
the number of bosons, in the context of Bose superfluidity. 

Let us consider the Hamiltonian for N bosonic particles 

« = E ^ b i b * + (q) 6 P ^ +q 6 k 6 p+q , (4.44) 

q qpk 

where the single particle energy 

£q " 2m' 

In the absence of interaction, the ground state is simply obtained by putting, i.e. condense, all 
N particles into the q = state. The interaction is going to mix this state with excited states, 
by moving particles from q = to q ^ 0. First of all let us rewrite the interaction term as 

qpk pk 

+^EE^)W + q fe k fe p + q 

q^O pk 



U(0) 

2V " v ~ '' ' 2V 

q^O pk 



N ( N - !) + w E E ^(q) ^La W 



which shows that the q = component of the interaction is just a constant since the number of 
bosons is conserved. Therefore, discarding this constant, the Hamiltonian can be written as 

« = E £ q b % +^EE tffoo b l b i + A w ( 4 - 45 ) 

q q^O pk 
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We will assume that the interaction is weak enough that the actual ground state is a slight 
modification of the state where all bosons condense into the state q = 0. 

Let us consider the following unitary transformation acting on the q = bosons: 

U = exp 

It follows that 



(4 " b o) 



U*b U = b + >/No, U ] blu = bl + ^W . 
Therefore, if we consider a so-called coherent state 

|0>=W|0), 

then 

<0| &Jfe 10> = N , 

<0|&J4|0> = (0|6 6 |0)=iVo. 

In other words |0) contains an average number iVo of bosons at q = 0, but, at the meantime, it 
is not eigenstate of b b . On the other hand, the number fluctuation behaves as 

2 



AN 2 = <0| (&£&„ - 7V ) |0) = No, 



hence, for large iVo, AN/Nq — > 0. These properties suggest that |0) might be a good repre- 
sentation of a state in which bosons condense into the zero-momentum state but fluctuations 
of charge from q = to q / are still possible. Therefore, let us assume as a variational 
wavefunction 

I*) = |0> |* q? 4o), 

where |$ q ^o) includes non-zero momentum bosons, supplemented by the constraint 

<*i b X + E b i b n \^) = n +^2( b i b n ) = N - ( 4 - 46 ) 

q^O q^O 

As we pointed out, such a variational wavefunction should be a faithful representation of the 
ground state provided 

N - N <C N, (4.47) 

which we are going to assume in what follows and check a posteriori. 

The average of the Hamiltonian over |0) leads to an effective Hamiltonian for the q / 
bosons which reads 

We// = £ £ q b^ + ^Y, U <ti + ^ E U W ( 6 i 6 -q + b -nK) 

q^O q^O q^O 
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qpp+q^o qpk^o 



Notice that the first two interaction terms are proportional to iVo (N — Nq) while the last two 
can be shown to be of order (N — P 
going to start from the Hamiltonian 



can be shown to be of order (N — Nq) 2 . Therefore, in view of the assumption (4.47), we are 



Ho = E^fo + ^E^q)^ 



q^O q^O 



2V 

q^O 



and eventually treat as a perturbation 

/]Vo 



Win* = V E ^ (^P^q^P+q + & Ul 6 q 6 p) 

qpp+q^o 

4EE ^W-hAW (4-49) 



2V 

qpk^O 



Let us introduce conjugate variables through 

Pq = "* ^ ( 6 q - b -q) > 

which satisfy 

[x p ,p_ k ] = i5 Pjk . 
In terms of these variables (4.48) becomes 

H = E 2 ( £q + n ° ?7( - q ' ) ) (^^-q + Pq^-q ~ *) + ^O^ 7 (^-q ~ PqP-q) i ( 4 - 50 ) 
q^O 

where no = Nq/V, which can be diagonalized by the canonical transformation 

x <\ * \Z^q ^q' ^*q ^ 1/ l?^^q> 



^q 



with 
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leading to 

W = --J^ (e q + n {/(q)) + - w q (x q ar_ q + j>qp_ q ) , (4.52) 



q^O q^O 

with the frequency 



^Q= yeq(eq + 2n C/(q)). (4.53) 
For small q, if £/(q — ► 0) is finite, 



, / no*7(0) 
u; q -> tiq\ = sq, 

V m 

thus showing that the long wavelength excitations describe acoustic phonons, which are actually 
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the Goldstone modes since the wave-function explicitly breaks gauge invariance. 1 
Let us go back to the Hamiltonian (4.52). We notice that 

( 6 qV = ^(ZqZ-q + PqP-q " 1) = \ + ^ " 2^ . 

Therefore the constraint (4.46) implies the following self-consistency equation for uq 



N i 

q^O 



q 



Since i\" q ~ q for small g's, this self-consistency equation can be always solved but in one 
dimension, where the summation diverges. Once more this tells us that a continuos symmetry, 



1 Indeed the original Hamiltonian has a gauge symmetry, namely is invariant upon the transformation 
generated by the unitary operator 



% = ° x p h * h <^j ■ 



q 

As usual, this implies that, given a generic normalized eigenstate \^ n ) with eigenvalue E n , the state \^ n ) is 
also a normalized eigenstate with the same eigenvalue. There are two possible cases: either 7^ \ ^ n ) is, for all cj>'s, 
the same |^ n } apart from a phase factor, namely 

|(*„|T |*„)| = 1, 

or it is different, i.e. 

K*„|T |*„>| < 1. 

The former case means that |^n) is invariant under a gauge transformation, while the latter case implies that it 
is not, hence that the eigenvalue E n is degenerate. Let us suppose that our variational wave-function is indeed a 
good approximation of the actual ground state |*o), which is therefore also characterized by a finite value of 

<*o|6o|*o) 7^0. 

On the other hand 

(*o| b |* > = e-* (Vo^boT^ j* ). 
If |$o) is not degenerate, then 7^ |*I/o} = e 17 |*o), with 7 a real number, hence we would get 

<tfo|M*o} =e _i * <*o|6o|*o>- 

This equality, being true for any <j), would necessarily imply that {S&o\ bo \^o) = 0. Therefore, in order for this 
average value to be finite, the ground state has to be degenerate and generically not gauge invariant. Notice 
that in principle, given one of the degenerate ground states, say |*o), one can always construct a gauge invariant 
combination by 

|*o) = [ tyT+y&o). 



Yet, all other orthogonal combinations will remain not gauge invariant. 
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as the gauge symmetry is, can not be broken spontaneously in one dimension. Notice in addition 
that the summation vanishes when ?7(q) — > 0, namely when — > 1, so that, for sufficiently 
small interaction, indeed TV — iVo <C N, thus justifying our approximation. 

4.3.1 Superfluid properties of the gauge symmetry breaking wavefunction 

Let us uncover now some interesting properties of the variational wavefunction. By definition 
the Fourier transform of the current operator is 

J q = ^E( k +f)^ k+q - (4-54) 

k 

In the spirit of our approximation, the leading term of the current is obtained when either k = 
or k + q = 0, leading to 

Jq " ^ ^ ( b « ~ b Q = ^ P * (455) 

In other words the current is purely longitudinal, i.e. q A J q = 0. Let us check whether (4.55) 
is compatible, within the same scheme, with the continuity equation 

ih ln = [ pq ' w °l = q ' Jq - 

The density operator at leading order is 

pq = E b lA +q - V^o (& q + &L q ) = Vm> X q , 

k 

and one readily verifies that its commutation with the Hamiltonian TCq indeed reproduces q- J q , 
with the current given by (4.55). 

Non-Classical Rotational Inertia 

What is the consequence of a purely longitudinal current? Let us suppose that our system of N 
bosons with mass m is enclosed in a cylindrical annulus, initially at rest, with internal radious 
R and thickness d, with d/R < 1. At a given time the cylinder is made moving around its axis, 
assumed to be the z-axis, with constant angular velocity to. A normal liquid would be dragged 
by the walls of the cylinder and rotate at the same angular velocity u. Neglecting the mass of 
the cylinder, the energy change at equilibrium due to rotation would simply be at leading order 
in lo 

£(w) - £(0) = h oj 2 , 
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where the classical moment of inertia Iq — mNR 2 if d <C R. Let us consider what happens in 
our Bose-condensed fluid. The Schrcedinger equation describing the system reads 

d*(xi,x 2 ,...,xjv;t) -h 2 A 2 

rh = — ^V i *(x 1> x 2> ...,x JV ;t) 

i=i 



+ f/(xj -x i )^(xi,x 2 ,...,x A r;t) 

IV 

+ ^( x j;*)*( x i> x 2,---,xjv;t), 



i=i 

where T^(x; i) represents the coupling of a boson with the rotating walls of the cylinder, hence it 
is explicitly time-dependent. We use cylidrical coordinates, so that the position of particle i is 

Xj = (r cos 9, r sin 9, z) = r« + z, 

where z is the unit vector in the z-direction. Let us consider the following transformation on 
the planar coordinate 

Pi(t) = cos cot Ti + sinwt i"j A z, (4.56) 
which corresponds to a reference frame in which the cylinder is at rest. In this frame 

V(x;t) = V(r,z;t) = V(p(t),z), 

namely the explicit time-dependence of the interaction with the wall is being transformed into 
an implicit one via the time-dependence of p(t). We rewrite the many-body wavefunction in 
terms of the new variables, i.e. 

* ((ri, zi), (r 2 ,z 2 ), (r N , z N );t) = * ((p lt zi), (p 2 , z 2 ), (p N , z N ); t) . 

In this representation the wavefunction depends both explicitly upon time and also implicitly, 
via the coordinates p^s. Therefore 

if d^ ((ri, zi), (r 2 , z 2 ), {r N , z N );t) = d\P ((p 1 , z x ), (p 2 , z 2 ),..., (p N , z N ); t) 
1 dt 1 dt 

N q 

+iTl J2 ~Qt ' V ^((Pl' 2; l)'(p2 5 2; 2),---,(pAr,^);i) 
i=l 

({pi, zi), (p 2 , z 2 ), . . . , (pjy, zjy); t) 

~ dt 

N 

Pi A z • V ^ ((Pi) Z l); (P2i Z 2), • • • , (P N , z N y,t) 

1=1 
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_ -fc dfr ((Pi, zi), (Pgj z 2), (Pn, gjv)rt) 

" lh at 

N 

-mujj^ Pi Az • J i^((Pl>^l)>(P2!^2),---,(PA^A0;i), 

1=1 

where Vj is assumed to act on the new coordinate basis and by definition the current operator 
is 

Ji = Vi. 

m 

One can readily verify that the Laplacian is invariat upon the transformation (4.56), hence the 
Schrcedinger equation becomes 

N 



ay " ( \ 



+\ E u (Pi - pv * - z i) * + E v ^ z ^ *■ ( 4 - 57 ) 

i/ i=l 



Unlike in the original representation, this equation is not explicitly time-dependent, hence it 
admits stationary solutions 

* ((p l5 zi), (p 2 , z 2 ), • • • , (Pat, ^tv); t) = e iE{w)t/h * ((p l5 (p 2 , • • • , (PiV, • 

The minimum energy E{ui) corresponds to the equilibrium condition. 2 

It is important to recognize that the actual average value of the Hamiltonian is not E(uj) 
but 3 

Y\ dri dzi * ((ri, zi), (r 2 , z 2 ), ■ ■ ■ , (r N , z N );t)* ih— * ((r 1 ,zi), (r 2 , z 2 ), (r N , z N );t) 

i 

= J \\dPidzi * ((Pi,^i), (p 2 ,z 2 ), • • • , (p N ,z N );t)* I iftj^ - rnc^E Pj A z " J i 

* ((Pi, zi), (P21 ^ 2 ), . . . , (pjv, ^at); t) 
= J Yldp i dz i ^({p 1 ,z 1 ),(p 2 ,z 2 ),...,(p N ,z N ))* I E(uj)-mujY^ Pj Az ' J i 



2 Notice that the equilibrium condition corresponds to the minimum energy in a reference frame in which the 
cylinder is at rest. Indeed, it is only in such a reference frame that the walls of the cylinder can stop transfering 
energy to the liquid. 

3 The jacobian of the transformation (4.56) is unity. 
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* ((Pi, (p2, 22), ■ ■ ■ , (pjv, Z N )) 

= E(oj) -mujJ2(Pi Az • J i)- ( 4 - 58 ) 

i 

Therefore, in order to evaluate £{uj) we first need to study the model described by the 
Hamiltonian in second quantization 



.A v2 + A(x).j + y(x) 



*(x) 



+ 2 



i j dxdy*(x)t*(y)tc/(x-y)*(y) *(x) , 



with 



A(x) = mwxAz = mw(y,-j:,0), (4.59) 
playing the role of a vector potential coupled to the current operator 

3 = -i—V. 

m 

We notice that 

V • A(x) = 0, 

namely the vector potential is purely transverse. If we assume that the liquid is homogeneous, 
then, as we previously proved, the leading component of the current operator is purely longitu- 
dinal, hence the net effect of the transverse perturbation to the system is negligible. Therefore, 
within our approximation, E(uj) ~ E(0) does not depend upon uj. Analogoulsy 

(J • A) ~ 0, 

implying that also £{uj) c± E(0) is w-independent. In other words, the actual moment of inertia 
is zero, i.e. the quantum liquid can not be made moving by rotating the cylinder, so called 
Non-Classical Rotational Inertia (NCRI). 

In reality the situation may be more complex. Indeed, if the frequency of rotation exceed 
a critical value lu c ±, the lowest energy configuration ceases to be homogeneous, as we assumed 
so far, because line defects, so-called vortex lines, appear. It is however not our scope here to 
discuss vortices. 



Superfluid flow 

Let us consider another hypotetical experiment in which the bosonic fluid is made moving inside 
a capillary with constant velocity v parallel to the walls of the capillary. A normal fluid, due to 
the friction, will be slowed down by the walls. Let us consider instead what happens with our 
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Bose-condensed fluid. In the reference frame in which the fluid is at rest, hence the capillary 
moves, we may expect that energy is transferred from the moving walls to the fluid leading to 
creation of excitations. Let us assume that an excitation of momentum q and energy c<j q is 
present. In the original reference frame in which the capillary is at rest, the actual energy is, by 
a Galilean tranformation, 

Nmv 2 

£(q) = w q + v-qH — . 

As we said the equilibrium condition corresponds to the minimum of £ (q), which is obtained by 
a momentum antiparallel to v, i.e. q • v = — qv. In this case 

Nmv 2 

£(q) = w q - vq-\ — . 

It is clear that it is advantageous to create excitations only if 

v > ^. (4.60) 
Q 

This is the famous Landau criterium for superfluidity. It tells us that the fluid can flow without 
resistance through a capillary, so-called superfluidity, for velocities below a critical one v c 
defined by 

v c = lim — . 

9-0 q 

From our previous analysis it derives that v c = s, the velocity of the acoustic phonons in the 
liquid. We notice that the interaction among the particles is essential for superfluidity. Indeed 
an ideal non-interacting Bose gas with dispersion h 2 q 2 /2m has 

r lh2 f n 
v c = lim = I), 

q 2m 

hence it is not superfluid. 
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4.4 Time-dependent Hartree-Fock approximation for fermions 

Let us move back to the Hartree-Fock approximation for fermions, and suppose to have solved 
the time-independent Hartree-Fock approximation, namely to have found a set of single particle 
wave- functions </>j(x)'s which diagonalize 

N 

Uj + ^2 Uikkj - Uikjk = Ci (4-61) 
k=i 

The Hartree-Fock wave-function is the Slater determinant 

N 

\*hf) = H4\0), (4.62) 

i=l 

where c\ creates a fermion in state 4>i. The original Hamiltonian in the Hartree-Fock basis is 
given by 

h = Y, % c h- + \ E u w °l c h c i • ( 4 - 63 ) 

ij ijkl 

Let us suppose to perturb the Hamiltonian by a time-dependent perturbation 

ij 

and let us study the response of the system to linear order. Therefore the full Hamiltonian H(t) = 
H + V(t) is time-dependent and the variational principle now concerns the time dependent 
Shroedinger equation. Namely we will search within the subspace of time-dependent 
Slater determinants for a \$HF(t)} which satisfies 



(*HF(t)\ ih^-Hjt) \$HF(t)) 
(<S>HF{t)\<S>HF{t)) 



0. (4.65) 



We assume that the time-dependent Slater determinant is build up by N single particle nor- 
malized wave- functions <p a (x,t). By analogy with the conventional derivation of the time- 
independent Hartree-Fock equations, one finds that 

d 

ih—(/) a (x,t) = [T(x,p) + V(x,p,t)\ (f> a (x,t) 

N 

+ E / d v u ( x >v) [\My^)\ 2 Mx,t) - MV'tYMvrfM*'*)] > ( 4 - 66 ) 
0=1 J 
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where T(x,p) is the single-particle term of the Hamiltonian, V(x,p, t) the perturbation and 
U(x,y) the interaction. We assume that the (p a (x,t) , s are related to the 0j(x)'s by the time- 
dependent unitary transformation 

(f> a (x,t) = ^ Uia{t)(t>i{x), 

i 

where 

U ia (t) = j dx(f)i(x)*<p a (x,t). 
In terms of the matrix elements, the time-dependent equations (4.66) read 



dt 

3 



N 

+ E Ukp{tYU w {t) U ja (t) [11*1, - U ikjl ] . (4.67) 

13=1 jkl 



3 

N 

~ EE%W U ip {t)*U ja {t)* [U jlki - U ljki ] . (4.68) 

13=1 jkl 

The time-dependent Hartree-Fock wave-function is identified by the matrix elements 

N 

Aij(t) = {$HF(t)\ c\c- \*HF(t)) = Y. U ^yU ja {t) > ( 4 -69) 

a=l 

which, calculated with the time-independent wave-function (4.62) are simply 

A^=5 ljni , (4.70) 

with rti = 1 if i < N and ni = otherwise. Through (4.67), (4.68) and (4.69) we obtain the 
following equations for the A^-'s: 

ih^- t A i:j (t) = ~ [*« + V kM A kj(t) + [t jk + V jk (t)] A ik (t) 

k 



+ ^2 A m j(t) [U mk u - U km u] 



klm 



+A u {t) A km {t) [U jkml - U jklm ] . (4.71) 
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We solve the above equation up to first order in the perturbation V. One can easily check 
that the zero order time-independent term is indeed given by (4.70). The first order terms satisfy 
the equation 



E- 

k 



N 



tki + 

m=l 

n 

tjk + 



m=l 



Ag>M 



+ (in - rtj) Y, A i!i(<) Pirnll - U jmU ] + V jt (t) (n, - nj) . (4.72) 



Ira 



Through Eq. (4.61) we finally obtain 



in— — €j + e 



dt 

= (rii - Uj) 



A«(t) 



kl 



(4.73) 



which is our desired result. 



4.4.1 Bosonic representation of the low-energy excitations 

We notice from (4.73) that the only expectation values which are influenced at linear order by 
the perturbation are those which either ni = 1 and rij = or viceversa, namely where one of 
the index refer to an occupied state within (4.62) and the other to an un-occupied one. Let us 
denote by greek letters a,f3,... the un-occupied states (> N), hereafter named "particles", and 
by roman letters a,b, . . . the occupied ones (< N), named "holes". We denote by 



fet = c 1 c 

u aa ^a^ai 



(4.74) 



the particle-hole creation operator, which destroys one electron (create one hole) inside the Slater 
determinant and creates it outside, and its hermitean conjugate 



b = c 
u aa '-a^a- 



(4.75) 



The commutators 
vanish, while 



0. 



h b* 



'aa i u 0b 
^afi c a c b ~ dab c /3 c a> 
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has the average value on (4.62) given by 



{&hf\ 



b pb 



\®hf) = SapSab (n a - n a ) = 5 a p5 ab , 



as if the particle-hole creation and annihilation operators were bosonic particles. If we assume 
that at linear order in V the Hartree-Fock wave-function is sligthly modified with respect to 
its time-independent value, in other words we make a similar assumption as we did in deriving 
spin-wave theory, then we can approximate the commutator by its average value, thus obtaining 



u aai u f3b 



$a/3 Sab, 



b aai b f3b 



6 f b ] 



0, 



(4.76) 



which are indeed bosonic commutation relations. We notice that the bosonic vacuum is the 
time-independent Hartree-Fock wave-function. Since 

Aoa(t) = ($HF(t)\b aa \<S> HF (t)), 

Eq. (4.73) implies the following equation of motion for the bosonic operators 
d 



ih— - e a + e a 



dt 



V aa {t) + b f3b (Uabfla - U aba/ 3) + b^ b (U a p ba - U a /3 ab ) 
13b 



(4.77) 



We may now ask the following question: What would be a bosonic Hamiltonian leading to 
the above equation of motion ? The answer can be readily found and is 



( £ « - £ «) b laKa + Yl b »a b pb ( U <*b/3a ~ Uabafi) 



afiab 



+ 9 ^2 b aa b lb ( U a(iba ~ U a /3 ab ) + b^b aa (U ab/3a - U aba p) 



afiab 



+ Y. V ^{t) b L + Vaa{t)b 



(4.78) 



It is now clear that the external field simply probes particle-hole excitations which have their 
own dynamics provided by the Hamiltonian 

HtDHF = Y( €a ~ Ca ) b aa b aa + b ^a b (3b ( U ab(3a ~ U abaf3 ) 

aa afiab 

(UahfSa ~ U aba(3 ) . (4.79) 

afiab 



126 



Due to the presence of the last two terms, the true ground state of (4.79) is not the vacuum, 
namely the Hartree-Fock wave-function, but another state 

\®tdhf) = e A \$hf), 

with A an anti-hermitean operator quadratic in the bosonic operators. The above wave-function 
is actually an improvement of the Hartree-Fock wave-function that includes the zero-point fluc- 
tuations of the particle-hole excitations. 

The above result can be re-derived in the spirit of the spin-wave theory, that we have al- 
ready encountered, without even invoking the time-dependent Hartree-Fock. If we assume, to 
be checked a posteriori, that the Hartree-Fock wave-function is not strongly modified by the 
inclusion of quantum fluctuations, we can assume that the commutators 



c a c a ■ 


C P C b 


= <W4 C & 


Sab Cg c a i 


c a c a ■ 


C b C (3 


= S a b 4 


r f 
°aj3 c b c a i 


c i °b 


C c c d 


= 5 bcc\c d 


~ S a d C J , 


C a C [3 ■ 


C 7 C <5 




— 5 a § c[y , 



can be effectively substituted by their average values on the Hartree-Fock wave-function, i.e. 



4 c a i 


C f3 C b 


= S a /3 S a b, 


4 c a , 


C b C l3 


= -SafiSab, 


4 c b 


c U d 


= o, 


4 c f3 J 


c 7 c s 


= o, 



which justifies the identification with bosonic operators. The only terms of the interaction that 
may have non vanishing effect when applied either on the right or on the left of the Hartree-Fock 
wave-functtion are those which contain two particle and two holes, hence they are 

^int - 2 Uba ? a C b C a C f3 C a + U abaP 4 cjc^ 

aba/3 

+ Ubaaf3 c b c a c a c {3 + ^ abf3a c a c b C f3 c a 
+ U a /3b a c a c (3 c b c a + U a bf3a c a c b c f3 c a 

aba/3 
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+U a /3ba c a c /3 c b C a + U a b/3a C a c b C /3 C a- 

Next we have to express the interaction in terms of bosons, avoiding double counting. The first 
term becomes straightforwardly 

{U a bf3a ~ Uabaf^j &L b /3b- 

aba/3 

The second term is more delicate to re-express, as one can at will couple a with a or b, thus 
getting either ba a bp b or —b ab bp a . Although the two terms correspond to the same fermionic 
operator, they are independent from the bosonic point of view, hence they both have to be kept, 
leading to 

2 ( U ^ba ~ U a(3ab ^ £>L &J 6 + H.C., 

aba/3 

which coincides with the term in (4.79). 
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4.5 Application: antiferromagnetism in the half-filled Hubbard 
model 



Let us consider again the Hubbard model on an hypercubic lattice in (i-dimensions: 

H = ~t E { C Ka C K'* + H - C ) + ^E"RT"R1. ( 4 - 8 °) 

<RR'> cr R 

where 

and, as usual, < RR' > means that R and R' are nearest neighbor sites. We already showed 
that for very large U/t and one electron per site, i.e. half-filling, this model is a Mott insulator 
with a Neel magnetic order in d > 1 at zero temperature and in d > 2 at finite temperature 
below a critical T c . Let us now try to recover this behavior within the previously described 
Hartree-Fock theory. 

The first step is to identify the variational parameters. The interaction, being on-site, leads 
to local variational parameters which are 

A R , CTCT > = (^HF\c na C Ral \^ HF ). 

We search for an Hartree-Fock Slater determinant which describes a Neel order with the an- 
tiferromagnetic order parameter along the z-direction, namely we assume that the spin SU(2) 
symmetry is lowered down to a U(l) symmetry which describes spin-rotations around the z-axis. 
This implies that we can choose \&hf) as an eigenstate of the z-component of the total spin, 
hence that the only finite variational parameters are diagonal in the spin index, namely 

nna = {$HF\hRa\$HF)- 

Since the average number of electrons per site is J2 a n Ro- = 1, we use the following parametriza- 
tion: 

n RT = I+ m (-l)« (4.81) 
nni = \-m(-l) R ,, (4.82) 

where if the vector R = a(ni,ri2, ■ ■ ■ , rid), a being the lattice spacing, then R = Yli=i n i- ^ n 
other words the average magnetization is assumed to be 

Sk = -(n RT -n Ri ) = m(-l) R . 
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The Hartree-Fock Hamiltonian is therefore 

UhF = ~t ^ C Rcr C R'cr H- c - + U (^R| n R| + ^RJ. n R|) 

<RR'> cr R 

<RR'> cr R 

u ^ , A A . 

R 

The last term is proportional to the total number of electrons, UN/2, which is a conserved 
quantity. Therefore UN/2 is just a constant which can be dropped leading to the Hartree-Fock 
Hamiltonian 

n HF = -t 12 c ^ c K'a + H - c -- Um J2^ R («RT-"Ri)- ( 4 - 83 ) 

<RR'> cr R 

Let us write this Hamiltonian in momentum space. Since 

(_!)* = e ^ R , 

where Q = 7r(l, 1, . . . , l)/a, one readily finds that 

?W = ek^kcr - Urn ( c k T c k+QT ~ 4| c k+Q|) ■ ( 4 - 84 ) 

kcr k 

If k = (ki, k>2, ■ ■ ■ , kd), the bare dispersion is given by 

d 

6k = — 2t^^ COS/Cjd. 

1=1 

The original Brillouin zone is an hypercube with linear size 2ir/a. Since the Hartree-Fock 
Hamiltonian breaks translational symmetry - the new unit cell is twice larger - the actual 
Brillouin zone is half the original one. Let us define the new Brillouin zone, which we call 
Magnetic Brillouin zone (MBZ) as the volume which encloses all k-points such that ek < 0. 
Since for any of these points 

£k+Q = — Ck > 0, 

the MBZ is indeed twice-smaller than the original one. Then let us define new fermionic operators 
with k G MBZ by 

a kcr = Cko-) ^kcr = C k+Qcr> 

and spinorial operators 




(4.85) 
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In terms of the latter (4.84) can be written as 

Hhf= Yl ^la T zKo- Um Yl ^kT Tl ^kT ~ ^k| r i^k|> ( 4 - 86 ) 

keMBZa k£MBZ 

where Tj's, i = 1,2,3, are Pauli matrices acting in the spinorial basis. We notice that 

tt d ( £ k , - Um 



= -E k r 3 e ±2i9kT2 = -E k e Ti9kT2 r 3 e ±idkT2 , 

where 

£k = + (4.87) 

and 

cos26> k = - — , sm20 k = — -. 

Ek E k 

Therefore if we define two new spinors through 

</>k T = ( 2] ) = ^ ^' ^| = ( 2[ ) = e " l9kr2 ( 488 ) 
the Hamiltonian becomes 

H HF = - £ £k4^30 kCT = - E ^(4a«ka"/4A ff ). ( 489 ) 
keMBZa keMBZa 

namely it acquires a diagonal form. Since E k > the ground state with a number of electrons 
equal to the number of sites TV is simply obtained by filling completely the a-band (notice that 
the MBZ contains N/2 k-points, hence each band can accomodate 2 N/2 = N electrons). Thus 
the Hartree-Fock Hamiltonian describes a band-insulator with two bands separated by a gap of 
minimal value 2U m. The Hartree-Fock wave-function satisfies: 

($HF\4i a Ti (f> ka \$HF) = S i3 , 

which becomes at finite temperature 

^L^k CT > = ^3tanh^|. (4.90) 

We still have to impose the self-consistency condition 



2V R 
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4? Yl ^kT r i^kT -^tl T ^kl) 



2V 

keMBZ 
keMBZ 

= ^ ^ {4>t\ (cos26» k ri +sin26> k r3)^ kT - <f)\, i (cos20 k ri - sin26» k r 3 ) <^ ki ) 

= -i- sin2# k tanh^. 

kGMBZ 

In other words the self-consistency condition reads 

_L tanh^ = l. (4.91) 
2F ^ £ k 2T v ; 

k K 

We solve this self-consistency condition by assuming a constant density of states, namely 



■■■ = J dep(e) ► po J^de..., 



where po = 1/2D, with D ~ 2dt. At zero temperature we find 
which has solution given by 

Bf. , 1 

m = — smn ■ 



This equation has always a solution for any [/ / 0. In particular, for U <C D, 

This results states that the Hubbard model at half-filling on an hypercubic lattice is always an 
antiferromagnetic insulator whatever is the value of the Hubbard U. Notice that in the opposite 
limit of U 3> D, m ~ D po = 1/2, which is the expected result since, for large U, electrons 
localize, one per site, hence behave like local spin-1/2 moments. 

We can also determine the Neel temperature, which is the temperature T c at which the 
self-consistency condition starts to be verified with m = 0, namely 

1 = £ V 1 tanh ^^f- tanh J_ (4.93) 
2V ^ e k 2T C 2 J_ D e 2T C K J 



132 



One finds that T c ~ U m(T = 0). This implies that 

for small U, but T c ~ U at large U. The latter results contradicts what we previously found 
in the large U limit, by mapping the Hubbard model onto an Heisenberg model. There, within 
spin-wave theory, we showed that T c ~ J ~ t 2 /U, hence vanishes for large U. The origin of the 
disagreement stems from the fact that the Hartree-Fock theory is valid only for an interaction 
which is weak compared to the electron bandwidth. Essentially the Mott phenomenon, which 
dominates at large U/t, escapes any description using a single Slater determinant, which is only 
able to mimick a band-insulator. 



4.5.1 Spin-wave spectrum by time dependent Hartree-Fock 

Rigorously speaking, Hartree-Fock theory only allows to access ground state or, at finite temper- 
ature, equilibrium properties, although in an approximate variational manner, but not properties 
of excited states. Therefore it is not legitimate to interpret the spectrum of the Hartree-Fock 
Hamiltonian as an approximation of the actual spectrum. For instance we showed that the 
Heisenberg antiferromagnet, which corresponds to the large [/-limit of the Hubbard model at 
half-filling, has gapless spin-wave excitations. On the contrary the Hartree-Fock Hamiltonian, 
which describes a band-insulator, has a gap for all excitations. The simplest way to cure this 
defect, namely to have access to excitations, is by means of the time dependent Hartree-Fock. 
Here we apply this technique to recover the spin-wave spectrum. 

Let us derive the bosonic Hamiltonian for the spin-flip particle-hole excitations above the 
Hartree-Fock ground state. We consider, in terms of the spinors (4.88) which diagonalize the 
Hartree-Fock Hamiltonian, the following spin-flip operators: 



^k;q = ^4 T n0 k+qi , 



k;q = V^k+q|^kT> 
P k;q = Vf4 T T 2 k+qi , 



P k;q = Vf^k+ql^M- 

In the framework of time-dependent Hartree-Fock one can assume that 



v pt 
^k;q' ^k';q' 



(<Wq,k'+q' 4t T 3 K< T + 5 k,k' 4'+q' | T 3 ^k+q . 
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- ($>Hf\ [^ k;q ,-Pk/ ;q /] \&Hf) = ^k,k'<W> 

which shows that X and are conjugate variables. The energy cost of such spin- flip excitations 
are described by the free Hamiltonian 

Ho = £ ^k;q (4; A q + ^k;«A q ) , (4-94) 

kq 

where 

^k;q = -Ek+q + -^k- 

This simply means that if one destroys an a particle at k and create a f3 one at k + q, the energy 

COSt is C<Jk:q- 

Following the prescriptions of time-dependent Hartree-Fock, we still need to express the 
Hubbard interaction in terms of these spin- flip excitations. We notice that 

™RT"R| = 4t c RT c R| c R| 

= c 4it c R-i C RJ. C RT = ^R^R' 

so that 

R R q 

where 

^q = Z e qR ^R = Z c kT c k+ q |- 
R k 

We recall that the MBZ is half the original one. For instance, while before the momenta 
q = and q = Q were different, in the MBZ both coincide with momentum zero. Therefore, 
if we are interested in long wavelength excitations, we need to consider in the original BZ both 
q ~ and q ~ Q. For q ~ 0, connects states inside the MBZ, i.e. 

Sq- a kT a k+q|+ 6 kT 6 k+q| = Z ^U^+qV 

Near Q we can consider the operator St,Q with small q, which is 

K+Q- 2 a kT 6 k+q| +6 kT a k+q| = Z ^kT T l^k+q|- 
keMBZ keMBZ 

Therefore in the long wavelength limit it is legitimate to re-write 

^E^^q^ 2 4 T V'k+q^p+q4V'p T + 4T r lV'k + qiV'p +qi T 1 V pr 
q kpqeMBZ 
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Notice that 

V^Vw = 4 T ^ kT2 ^ k+qT2 ^ +qi 

~ isin (6» k + 6» k+q ) <f>l r t 2 </> k +q| = ^sin (6> k + 6> k+q ) P k;q , 

,/,t Tl — „ie k r 2 „i0 k+q r 2 J. 

T Tl ^k+q I — ™kf Tl e ^k+q j 

~ cos (6> k - 6> k+q ) ^ n k+qi = \/2cos ((9 k - 6> k+q ) X k;q , 
so that the interaction Hamiltonian becomes 

Hint = ~ — J2 8111 ^ + ^+q) (Op + #P+q) ^ ;q Ppjq 
kpqeMBZ 

+ cos (0k - k+q ) cos (0 p - p+q ) 4 ;q X p;q . (4.95) 
The complete Hamiltonian for the spin-flip excitations is therefore 

H = E W M(4;A q + ^/ M ) 

kqeMBZ 

2U 

~ ~y E Sil1 ^ + ^+q) Sin («P + #P+q) ^k;q ^ P ;q 

kpqeMBZ 

+ cos (0 k - k+q ) cos (0 P - p+q ) x£. q X p;q . (4.96) 

One might diagonalize this Hamiltonian to obtain the spin-flip excitation spectrum. Here we 
aim simply to show that (4.96) does contain the spin-waves. 

First we perform the canonical transformation 

^k ;q -> J- — X k;q , 

y W k;q 

-Pk;q — ► V Wk ;q ^ k ;q> 

after which 

H = E X k;q X k;q+^q P k ;q P k;q 

kqeA/BZ 

- y Yl V^q^q sin (0 k + k+q ) sin (0 p + fl p+q ) P+ ;q P p;q 

kpqeMBZ 

+ 4 / ; - y cos (0 k - k+q ) cos (0 p - p+q ) 4 ;q X p;q . 

y w k;qWp;q 
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Next we make a unitary transformation and define the new operators 

1 v-^ cos (^p ~ °p+i 



^q 



\ 



^ UUh ~ p p+q^ x 
cos 2 (0 k - 6< k+q ) /w k;q peMBZ 



p;q> 



1 £ COS (gg - fl p+q ) p 

^ cos 2 (0 k - (9 k+q ) /w k;q p6MBZ V^ra 



keMBZ 



as well as all the other orthogonal combinations, Xj ;q and Pj ;q . The part of the Hamiltonian 
which involves X is simply 



E ('-f E - 2 ^-^» )x*x, 

;MBZ V keMBZ k ' q / 



Notice that for q = the square bracket vanishes because is nothing but the self-consistency 
equation (4.91) at zero temperature, namely 



i u 



y -■ 

k&MBZ 

Therefore for small q 



2U ^ cos 2 (fl k - fl k+q ) 2 

kgMBZ K ' q 

where A is a constant which can be determined and for large U/t behaves as t 2 /U 2 . All the 
combinations of X's, -Xj ;q 's, which are orthogonal to X remain degenerate and described by the 
term 

2 X h X i;<i- 

i q 

One realizes that the above |q| 2 -term is the leading one at small q, hence we can evaluate 
what is left putting q = 0. Then, through (4.91), we find that 



V ^ V E u 

and that the part of the Hamiltonian involving the conjugate variables is 

E ^L^-w E V^^pi,^ 

kqeMBZ kpqeAfBZ k p 
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= E 4 ^^ k;q -4C/ 2 m 2 ^pt Pq . 

kqeMBZ q 

This implies that the conjugate variables are governed, at small q, by the term 



E 



% E 



2 m 2 



p 1 ^ p = p ptp 

q q Z_> q q' 



where B ~ i 2 for large P, and a bunch of other terms involving the orthogonal combinations 
Pi- qS which are coupled together and to P q . Let us neglect for the moment the coupling to P q . 
Then Xq and P q are governed by the Hamiltonian 

^|q| 2 X q ! q + PPtP q , 
q 

which is diagonalized by the transformation Xq — 



Kq Xq and P q 



Kq 1 P q , where 



B 



A|q|2' 



leading to a linear dispersion 

ujq = V AB |q| ~ J |q|. 

If we diagonalize the Hamiltonian which involves all other orthogonal combinations, we would 
get for them a gaped spectrum. 
Notice that 

/T/'q- 



K^P 



q J q 



therefore the coupling between P and all other Pj's is proportional to yjqj hence just renor- 
malizes the spin- wave velocity. Moreover this coupling term between P and all Pj's actually 
vanishes for large U since 



E 4 ^^ k;q ~4P 2 m 2 ^ 

kqeMBZ q 



pip p. 1 " p 

q q ~ Z_> »;q *;q 



so that, for U/t^> 1, the spin- wave velocity v is, up to subleading terms, 

v = Vab, 

with A and P defined previously. 



(4.97) 
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4.6 Linear response of an electron gas 



Let us consider now the response to an electromagnetic field of a solid, 
classical macroscopic Maxwell equations of an isolated system 



We start from the 



V -E 



47T/3, 



V B = 0, 



V AE 



V AS 



ldB 



(4.98) 



- 1 9E 

c dt 



where p is the total charge density within the system, and J the current density. In general 
the current receives contributions from the free carriers, from the magnetic moments and from 
bound charges, so that its expression is 



<9P 

^carriers H 7^ \~ c V A JVI, 



(4.99) 



where P the polarization density of bound charges 4 and M the magnetization density. In what 
follows we will not take into account these two terms, unless explicitly stated. 
We define the displacement field D through 



ldD _ IdE 4vr J 

c dt c dt c 



By applying V on both sides we get 



1 d„ n 1 d„ „ 4tt„ t 
--V D = --V-E + — V- J 

cat cot c 



4ir 

c 



dp 
dt 



+ V J 



o, 



(4.100) 



(4.101) 



4 The macroscopic charge density is assumed to be the average of the microscopic one over a volume element 
much bigger then the unit cell and smaller than the coherent volume of the applied electromagnetic field. It is 
reasonable to assume that, at equilibrium, this reference volume can be taken to be neutral, so that the charge 
density vanishes but eventually for the presence of a finite polarization P and of higher multipolar components 
which derive from the shape of the bound-charge density. Away from equilibrium, the charge density can change 
also because free electrons can move or because external charges are added. Hence, neglecting higher multipoles 
than the dipole, the generic macroscopic charge density is 

p(x) = p/ ree (x) - V ■ P(x) + Pextfr), 

where p/ ree is the variation of the free-charge density with respect to equilibrium. The distinction between free 
and bound charges is however a bit matter of convention. Indeed, at frequencies much bigger then the atomic 
excitation ones, there is actually no distinction among them. The convention that is usually adopted, which we 
adopt here as well, is that the frequencies under consideration will always be much smaller then atomic ones. 
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where we made use of the continuity equation 
We can therefore assume 

V-D = 0. (4.102) 
If there is an external charge with density, then (4.101) becomes 

Id „ 4-7T dp ext 

V • D = — , 

cdt c dt 

implying 

V ■ D = ATrp ext . (4.103) 

In other words the displacement field is only sensible to the external charge. 

In the following we assume that the system is translationally invariant. In this case we can 
formally write a relationship between the Fourier components of D, D(u,q), and those of E, 
E{u,q): 

D(u,q) = e(u,q)E(u,q), (4.104) 

where e(oj,q) is the dielectric constant, which is actually a matrix acting on the space compo- 
nents, i.e. Di = eij Ej with i, j = 1, 2, 3. If the system is isotropic, we can generally write 

e ij (u,q) = ^e\\(u,q)+(s ij -^\ e ± (u>,q), (4.105) 

where e\\(u,q) is the longitudinal component of the dielectric constant and e±(oj,q) the trans- 
verse one. Analogously, for any vector V(u,q) one can define the longitudinal component 
through 

q-V(w,q) = qV\\(w,q), 

as well as the transverse one 

V ± (u,q) = V(u;,q)-±V\\(u,,q). 

In the presence of the electromagnetic field the Hamiltonian H = Hq + Ti-Coui , where Hq is 
the kinetic energy while Ticoui includes the electron-electron, electron-ion and ion-ion Coulomb 
interaction, changes according to 

n ^Y, / dx ^^ (x)t (-^V + ^A(x)) 2 tf a (x) - e^(x)* <y (x)t* ff (x). (4.106) 
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Since we already includes the Coulomb interaction among the internal charges inside Ticouh the 
displacement, electric and magnetic fields are, in terms of the vector and scalar potentials, 

D„ = -V0-I|An, (4.107) 

E± = -~A ± , (4.108) 
c at 

B = VAA X . (4.109) 

In other words the scalar potential and the longitudinal component of the vector potential are 
related only to the displacement field, which is in turn determined by the external charge through 

V • D|| = 4iTp ext . 

Therefore <p and A|| are actually the external fields (j) ex t and Au ext applied on the system. Notice 
that, since only Dy has physical meaning there is a redumdancy in having both <p and A||. This 
is a manifestation of the so-called gauge invariance. On the contrary, since we do not include 
the relativistic current-current interaction among the internal charges, the transverse electric 
and magnetic fields are those actually felt by the electrons inside the sample, so called internal 
fields. 

We conclude by noticing that, in the presence of a vector potential, the charge current 
operator as obtained through the continuity equation 

changes according to 

H _ , N+ „. , N e 



J(x) = ~eJ2 



a ■- 

D 2 



z-* ff (x)t V^(x) + — * CT (x)t^(x) A(x,t) 
m mc 



= -ej(x)-^p(x)A(x,t), (4.110) 

where we defined as — ej(x) the purely electronic current, while the last term is commonly 
referred to as the diamagnetic term. 

If we take into account also the Zeeman splitting, the Hamiltonian further contains the term 

gUB / <&B(x,t) • ^ a (x) t S^* /3 (x) =gn B / dxA ± (x,t) ■ VA<r(x), (4.111) 
where 

o-(x) = ^ Q (x) t S a/3 ^ /3 (x) , 

a/3 
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is the spin density operator, being S the spin-1/2 matrices. The Zeeman splitting contributes 
to the current with the transverse term 5 



<5J(x) = -cgnB V Aer(x). (4.112) 
4.6.1 Response to an external charge 

Let us start by studying the response to an external charge density ep ex t(x,t). For simplicity 
we will represent the ions as an infinitely massive uniform background of positive charge which 
has only the effect of neutralizing on average the electronic charge. In other words, if en is the 
charge density of the background and p(x) the density operator for the electrons, then 



/ 



dx(p(x)) =p(q = 0) =Vn, 



where V is the sample volume and p(q) the Fourier transform of the density. Notice that the 
operator p(q = 0) is the total number of electrons, which is conserved, hence we can always 
write p(q = 0) = V n 

If we choose a gauge in which Ay = 0, the coupling to the scalar potential 0(x, i) leads to 
the perturbation 



f e 2 
SH = - dxdy- — — — p ext (x, t) (p(y) - n) 

J y\ 



V 
q 

= ^T-P«rf(q,*)£(-q) = ~ e ^J2 ^OP^q), (4.113) 

q^O q q^O 

since the Fourier transform of the scalar potential is 

47T6 

0(q,t) = -^Pexti^t). 

In the absence of the external charge, the electron density is uniform hence 

(p(y)) = n. 



Notice that the expression of the current can be also determined through the functional derivative 

sn 



J(x ' t) = -5A(x,t)- 
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The external charge induces a deviation of the electron density with respect to the unperturbed 
value n, which we denote as the induced charge 

(p(y)> ~n = Pind(y,t). (4.114) 

Its Fourier transform is, for q 7^ 0, 

P*nd(q,*) = <P(q)), 

while for q = it vanishes for charge conservation. The induced charge density at frequency to 
is given, within linear response theory, by 

47re 2 

Pindil, = -ex(q, 0(q, to) = ^~ *( q ' w ) Pext(q, w), (4.115) 

where 

1 r°° 

X (q,o;) = - / die-' (-i0(t)<[p(q,t),p(-q)]>) , (4.116) 
* J— 00 

is the Fourier transform of the density-density linear response function. Commonly it is denoted 
as the improper density-density linear response function, as opposed to the proper one which 
is defined through 

47re 2 

Pind(<l, = ^~ X(q, (/0ext(q, - ft„d(q, w)) • (4.117) 

The proper function gives the response of the electrons to the internal field, which is generated 
both by the external charge and by the same electrons. 6 Comparing (4.115) with (4.117) we 
find that _ 

1 o~x(q,^) 

T 

By definition 

iq- D||(q,cj) = iq • e|| (q, w) E|| (q, u) = 47rep ea;t (q, u), 
iq-E||(q,w) = Anep ext {c\_, u) - 47re/w(q, w), 

hence 

£|| (q, u) (Pext(<l, - ftnd(q, ^)) = Pext(q, ^). 

In other words 

1 1 _ Pind{<\,w) 

en (q, 0^) /9 e xt(q,w)' 



(4.119) 



3 The induced charge refers to electrons, which explains the minus sign in (4.117) 
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e||(q >W ) = 1+ P™^"\ (4.120) 



Through Eqs. (4.115) and (4.119) it derives that 



e||(q,w) 

while by the Eqs. (4.117) and (4.120) 



1 47re 2 

l + ^-x(q,w), (4.121) 



Aire 2 



e||(q,o;) = l--^-x(q,a;). (4.122) 

These two equations relate the longitudinal dielectric constant to the density-density proper 
and improper response functions. Notice that for the dielectric constant the Kramers-Kronig 
relations read f 

Tie / - = 1 - V [ — —^— Im 1 (4.123) 



Using once more the definition of the displacement field, one finds that 

— V-D = dtV-E + 4ttV ■ J, 

at 

where J is the current flowing inside the system. 7 In Fourier space it reads 

quD\\(q, to) = qu E\\(<i, w) + Airiq ■ J(q,w). 

Since D\\ = e\ \ E\\, we find 

J\\(<l,v) = £- (e||(q,w) - 1) £||(q,w) = <7||(q,w)£7||(q,w), 

where <T|| is the longitudinal conductivity which relates the current to the internal electric field. 
Therefore 

^ll(q^) = ^( e ||(q,o;)-l), (4.124) 
e||(q,w) = 1 + — a||(q,a;). (4.125) 



7 Since we assumed an external probing charge p ex t(x, t) which depends on time only explicitly, the total flowing 
current includes just the induced one. 
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Gauge invariance and its consequences 

So far we have adopted a gauge where the external scalar field is finite while the external longi- 
tudinal vector potential is zero. Now let us do the opposite, keeping the physical displacement 
field fixed. By gauge invariance the response of the system should be the same. Therefore let 
us consider an external charge density ep ea; t(x, t) leading to a displacement field 

(q,<*>) = — Pext(q,w). 

11 iq 



We assume that 



£>||(q,u;) = ^ A||(q,w) = e||(q,w) E||(q,w). 



A vector potential provides a perturbation 

SH = e - J dx A(x, t) • j (x) + ^2 y dx p(x) A(x, i) • A(x, t) , (4. 126) 

where the electronic current j has been defined by Eq. (4.110) and p(x) = ^(x^^^x) is 
the density operator. The longitudinal value of j is given in linear response by 

j'n(q.w) = -xn(q,w) ^n(q,w), 

where, if 

Xim(x,t) = -i0(t)<[ji(M),j ro (O,O)]) 
is the current-current response function, then its longitudinal component is defined through 



X ||(q,a;) = J2 f dte™ [ ^e"^ x ™^ Xlm (x,t). 

Im, J J q 

On the other hand the true charge current operator, see Eq. (4.110), is 



e 2 

J(x,t) = -ej(x,t) (p(x))A||(x,t). 

mc 

Since the second term in the right hand side is already linear in the external field, the average 
of the density operator has to be evaluated on the unperturbed state, where (p(x)) = n. Hence 

2 

TIC 

<J||(q,w) = -ej'||(q,w) A \\{<l,v) 

II II mc II 

o 

= --(X||(q,^ + -J A||(q,w) 

2 

6 / Ti \ 
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Therefore we find that 




which, compared with (4.124) leads to 

(X||(q,w) + £||(q,w) = ^ fo|(q,«) - l) , 

namely 

, , n u 2 / 1 \ 

xn(q.w) + — = -- — 2 1 — ? — tJ 

11 m \ £||(q, cj) / 

= ^X(q^)- (4-127) 

This shows that gauge invariance implies that the longitudinal current-current response function 
can be expressed in terms of the density-density response function. 

In principle we can also introduce a proper longitudinal current-current response function 
through 

2 

J ||(q^) = -|j(x||(q,w) + £) €||(q,w)E||(q,w) 

2 

= -— (xj|(q,w) + — ) #||(q,w), 
which is related by gauge invariance to the proper density-density response function through 

g 2 (3q(q,^) + £) =^ 2 x(q,^). (4.128) 

We end by noticing that, in the gauge in which the scalar potential is zero, the internal 
longitudinal vector potential, defined by 

^||mt(q,^) = — £||(q,w), 

is related to the external one, 

i4||(q,u;) = A\\ ext (ci,uj) = — £>||(q,w), 

through 

^||int(q,w) = , A llext (q,uj). (4.129) 
e | I (Qi 
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4.6.2 Response to a transverse field 

By recalling the definition of the displacement field 



^D = d t E + 47rJ, 
at 



its transverse component is given by 



-iwDi(q,w) = —i(j€±(q,u)E±(q,u) = —i(jE±(q,u) + AirJ±(q_,u) 
= (-iu + 47rcr_|_(q,u;)) £i(q,u/), 

which provides the relationship between the transverse dielectric constant and conductivity: 

4ttz 

e ± (q,w) = l + <T±(q,w). ( 4 -!30) 

We already said that the transverse vector potential is actually the internal one, so the re- 
sponse to it is connected with proper response functions. Following the same reasoning as after 
Eq. (4.126) but now for the transverse current, we get to the conclusion that 



3 2 

c v " ' rriJ 

where X_i_(q 5 (j) is obtained by the current-current response function through 



6 2 / 71 \ 

J±(q,w) = -— (x±(q,w) + -J A ± (q,w), (4.131) 



x« m (q,^) = ^pnX||(q,<*>) + (<W - ^Jr) x±(q> w )- (4.132) 

Notice that, unlike the longitudinal one, the transverse component is proper. Since 

ito 

J±(q,u;) = a±E ± (ci,Lo) = — a±A ± (ci,Lo), (4.133) 

we finally obtain 

o 

<7j.(q,w) = -— (x±(q,w) + - ). (4.134) 

By means of (4.108) and (4.109) and the last Maxwell equation we get the usual wave- 
equation for the internal vector potential 

^2 1 d 2 A ± 4tt 

-V A^ — — — — — 1 J±tot, 

cr ot z c 

which in momentum and frequency space reads 

(cV-w 2 ) Aj.(q,cj) = 4ircJ ±tot (ci,uj). (4.135) 
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The current appearing in (4.135) is the total one, including the external source of the electro- 
magnetic field. The latter satisfies a similar equation 

(c 2 q 2 -u 2 ) A ±ext (q,uj) = 4vrc J± ext (<l, u), 

in terms of the external current source. Writing J±tot = J±ext + J±, with the latter being the 
induced current as given by (4.133), we finally get 

,2 „2 , ,2\ a f„ , ,\ („1 „2 , ,2 



CO — UJ 



) Aj_(q,a;) = (c 2 q 2 - u) 2 ) A ±ext (q,uj) + 4mu<r±(q,u) A ± (q,< 



In other words, the internal vector potential, = A± intl is related to the applied one by the 
equation 

c 2 q 2 — to 2 

A_L int (q,u;) = -^-t 5 F~ 7 V A ±ext{<i, u>) 

c z q z — lo z — 47Uii;<T_i_(q, to) 

c 2 q 2 — to 2 

= 2 7 r A ±e:rt (q,cj), (4.136) 

c z q A — uj 2 ej_(q, u) 

to be compared with (4.129) valid for the longitudinal component. 

Let us introduce back the Zeeman contribution to the transverse current given in Eq. (4.112). 
Within linear response theory and assuming a uniform isotropic system 

<r(x,t) = gfiB J dydt'x*(x-y,t-t')B(y,t')=gn B J dy dt' x CT (x - y, t - t') V y A Aj_(y, t'), 

where Xa is the spin-density response function. Therefore (4.112) is, at linear order, 

<5J(x) = -c( gf i B ) 2 Jdydt'V x A [x«r(x-y,i-OV y A A ± (y,t')] 

= c ( gf i B ) 2 J dy dt' V 2 Xct (x - y, t - t') A ± (y, t'), (4.137) 

which, after Fourier transform, is 

S3±(q,u) = -cq 2 (g^ B ) 2 X CT (q, w) Aj_(q, u). 
This term modifies (4.136) into 

c 2 q 2 — to 2 

A ± int (q, u>) = —— — — -2 Aj. ext (q, w) • (4. 138) 

c 2 q l - uj 2 ej_(q, u) + 4-irc 2 q 2 (gn B ) X<r(q, ^) 

4.6.3 Limiting values of the response functions 

The values of the response functions in some particular limits of physical significance can be 
obtained without making any complicated calculation. 
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Consequences of the /-sum rule 



The charge density operator at q = is the total number of electrons N, which is a conserved 
quantity, independent upon time. Therefore 



1 



-i-0(t)([p(O,t),p(O)]> 



x(q = o,t) 

In other words due to charge conservation it holds that 



-iy6(t)([N,N]) = 0. 



(4.139) 



The dissipative density-density response function is by definition 



X (q,t) = — ([/>(q,t),p(-q)]) 



2^ 



e--* X "(q,o;). 



By means of the continuity equation 

■ dx"(q,*) 

* dt 



2V 



■ dp(q,t) 
*^^,p(-q) 



_([ q .J(q,t),p(-q)]) 



2^ 



e-^ux (q,w). 



On the other hand, for i = 0, the following expression holds 

^<[q-J(q),p(-q)]}=|£. 
which leads to the so-called /-sum rule 



/ 



dco a nq 2 
-u X (q,o;) = — . 



By the Kramers-Kronig relations 



Ke X (<l,oj)=V 



du' x"(q,a/) 



W — 



(4.140) 



We know that the dissipative response function is finite only for frequencies which correspond 
to the energies of excitations which may be created by the density operators. In other words 
X (q, ui') is bounded from above. Therefore if we consider a frequency much above this upper 
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bound, and we recall that the dissipative response function is odd in frequency, then we find 
that 



^ / n f duo' v (q, u/) / uj' 

^->oo _/ 7T W \ CJ 

1 [ dw' , n , 

= \ — w x (q, w ) 



rig 
mw 2 



namely 



lim 7£ex(q, w) 



muj 2 



(4.141) 



Alternatively, we can re-write the sum-rule (4.140) as 



n 

2m 



1 f dw' , „ , 

— I — ^ x (q,^ 



g2 



2vr w " Jm U||(qV) + 



m 



In the limit q — ► 0, there is no distinction between longitudinal and transverse response, so that, 
through Eq. (4.132), we obtain 



n 

2m 



f dw' 1 / . n \ 

q^O J 2-k ui' \ 1 m/ 

/" do;' 1 i ~ / /x n i 



In other words, the /-sum rule can also be written as 



f 

Jo 



dwlZea_\_{0,w) = 



ne 
2m 



(4.142) 



which is the so-called optical /-sum rule. 
By Eq. (4.121) we also find that 

lim IZe 



1 



oo ei|(q,a;) 



1 + 



(4.143) 
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X 



Figure 4.1: Pictorial representation of a plasmon excitation. 



as well as 



where 



dcj' , 1 

U lm —( A 

vr ei|(q,w') 



Aime 2 



m 



(4.144) 



(4.145) 



is the so-called electron plasma frequency. 



What is the meaning of the plasma frequency? Let us take a piece of metal and let us 
displace uniformly, i.e. at q = 0, the valence electrons with respect to the positive background 8 
by a distance x, as in Fig. 4.1. As a result a surface charge will appear a = nex, so that x is 
subject to a restoring Coulomb force 



d x a 2 

m——r = —Airea = —Aire nx, 
at 1 



(4.146) 



leading to oscillations, so-called plasmons, with frequency to p . In other words the only longitu- 
dinal modes at q = allowed in a metal are plasmons. Taking into account (4.144), which is 
valid for all g's, hence also for q — > 0, we conclude that 



1 



lim Im ■ 



TT 



(4.147) 



which, by Kramer-Krdnig transformation, leads to 



Tie 



1 



e N (0,cj) 



In a real solid we have to imagine that the positive background includes the ions and the bound electrons. 
In other words the derivation implicitly assumes that we explore excitations at frequency smaller than interband 
transitions. 
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or, equivalently, 



e N (0,w) 



1 



2 \ to — ujp + irj lo + uj p + ir] 



(4.148) 



with rj an infinitesimal positive number. In addition 





IZe e| | (0 , to) 


<4 

to 2 


Through (4.122) we also find that 








lim x(q,w) 


2 

n q 
m to 2 



(4.149) 



which, through the gauge relation (4.128), leads to 



(4.150) 



Finally, using the definition of the longitudinal conductivity (4.124), we also find that 



_ ,„ . _ . ne 1 ne . . 

7ce a\\ (0, cj) = 7ce? = it o{u>) 

1 m lo + irj m 



which implies an infinite conductivity of an ideal metal. 
Zero frequency response 

Now suppose we change by the same amount the charge density of the positive background and 
of the electrons, for instance by changing the volume V. From the point of view of the electrons, 
this is analogous to changing the chemical potential, hence 

f dN 
J dx (p(x)) - n = 5N = —5p. 

The compressibility is defined by 



K = 



1 dV 



V dP' 

where P is the pressure. The free-energy F(N, V, T) can be written as 



F(N,V,T) = Vf(n,T), 
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so that the pressure 



hence 



On the other hand 



implying that 



A* 



P = -— = -f + n ?l 
dV dn 



K dn 2 
dF _df dv _ 1 d 2 f 



^-=n 2 KV. (4.151) 

op, 

From the point of view of the Hamiltonian, the action of changing the density of the back- 
ground and in the meantime changing the electron chemical potential so to maintain charge 
neutrality corresponds to a time-independent perturbation 



5K=^^Kx t (-q,w = 0)p(q), 



V 
q 

where 

47re 2 

V ext {q.,uJ = 0) = ^- 5p back (cL,uj = 0) - V5p5^ . 

The internal field is instead 

Aire 2 

V int (q,uj = 0) = (<5p feac fc(q,w = 0) - <5p ei (q,u; = 0)) - VSpS^o, 

and, by definition, 

5 p e i (q, w = 0) = x(q, w = 0) V int (q, w = 0) . 
Since charge neutrality is maintained, in the limit q-»0we find 

lim V int {ci,u = 0) = -VS/j,, 

q->0 



hence 



lim 5p e i(c[, uj = 0) = 5N = —V5p lim xi^i^ = 0) = n 2 KV5p, 

q^O q^O 



leading to the relationship 

(4.152) 



lim %(q, 0) = — n K 

q^O 
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In terms of the dielectric constant it implies that 



lim en (q, 0) = H ^ — K — >■ oo 



(4.153) 



The dielectric constant at zero frequency diverges when the momentum vanishes, provided the 
compressibility is finite. What is the meaning of a finite or vanishing compressibility? We have 
shown that 

n 2 V dp, 

It the system is a metal, the number of electrons is a continuos and increasing function of 
the chemical potential, hence K is finite. On the contrary, if the system is an insulator, the 
chemical potential lies within an energy gap so that the number of electrons stays constant 
upon small changes of p, implying K = 0. In other words a finite or vanishing compressibility 
discriminates bewteen metals and insulators. Equivalently, a metal has a longitudinal dielectric 
constant at zero frequency which diverges as q — > 0, while for an insulator this limit is finite. To 
better appreciate this difference, let us consider the response to an external point-like charge, 
for instance at position xo 

pext(x,t) =Z<5(X-X ), pext(<l,u) = Z S{u) e'^ . 

According to our definitions, the induced density is 

= Z6(u)e * qx ° =fa q,^ " , nA ■ 

e||(q,0) e N (q, 0) 

Therefore the net charge inside the system is 

e(p ext (q,uj) - Pind(<l,uj)) = ep ext (c[,uj) , ~ , . 

e n(q> °J 

Since ey(q, 0) diverges for small q in a metal, then, in the same limit, the total charge inside the 
system vanishes, which implies that in a metal the induced charge is always such as to perfectly 
screen the external one, 

Transverse response 

We already know that 

lim X|i(q,w) = 0. 

q^O 11 
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Since for q — ► at fixed frequency there is no difference bewteen transverse and longitudinal 
fields, this also implies that 



lim Xj_(q,u>) = 

q^O 



Through Eqs. (4.134) and (4.130) we then find 



lim a±(q, u) = 



q^O 



hm e_L(q,w) = 1 § 



(4.154) 
(4.155) 



On the other hand we also know that 



lim x(q>0) = —n 2 K, 

q^O 



so that from the gauge relation we should have 



n 



lim Xll(Q) 0) = 

q-+o 11 m 



The transverse response at uj = is the response to a finite magnetic field in the absence of 
electric one, as E± = ioj A±/c. Since the transverse conductivity is not expected to be singular 
in the presence of a magnetic field, we have to conclude from (4.134) that also 



n 



lim lim x±{l,^) = ~ 

q^O o;^0 m 



The approach to this limiting value should be regular, so that we expect that 

^ Tl ( Q 2 

lim lim x±(q,w) = 1 - — T 

q^o uj^o m \ Akp 



(4.156) 



with A a dimensionless constant and Uf the Fermi momentum. 9 . Through Eq. (4.134) we then 
find 



which inserted in (4.138) gives 
A_u„t(q,0) = 



lim — Amu a±(q, u) = uj 2 — — 75-, 
q^o p Akl 



Ac 2 k 2 F 

Ac 2 k\ + lu$ + 47tc 2 A k\ (gn B ) 2 X* 



(q,0), 



(4.157) 



A — 4 for free electrons 
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being Xa the magnetic susceptibility, which we know is negative. Since an to = transverse 
vector potential corresponds to a constant magnetic field in the absence of electric one, (4.157) 
implies that the magnetic field can penetrate inside the metal. The Zeeman term would lead 
to an increased amplitude with respect to the applied one (Landau paramagnetism), while the 
free-carrier term to a decrease (Landau diamagnetism). 10 

On the contrary, since en (q, 0) diverges as q — > 0, from (4.129) one realizes that a longitudinal 
field does not propagate freely inside a metal. Indeed, using Eq. (4.153), we can write 

Airn 2 p 2 

e|| (q,0) = l + -^tf7( g ), 

with /(0) = 1. If f(q) were analytic, then through 

q 2 

%^ q '°) = q2 + 47m ^Kf(q) 

and upon Fourier transform in real space, we would find a longitudinal vector potential decaying 
exponentially inside the sample, with a decay length 

Xtf 



4irn 2 e 2 ' 

which is called the Thomas- Fermi screening length. 11 In reality the function f(q) is non-analytic. 
It has a branch cut starting from q = 2kp due to the Fermi surface. The reason is that it is not 
possible to create a particle-hole excitation at zero-frequency if the transfered momentum q > 
2kp, hence the imaginary part of the density-density response function contains a step-function 
which turns into a log-singularity in the real part. The final result is that the longitudinal field 
far away from the external source decays as cos(2kpr)/r 3 , so called Friedel oscillatory behavior. 

4.6.4 Power dissipated by the electromagnetic field 

In the presence of an external longitudinal field, the power dissipated according to the general 
formula is 

2 /ii , , o // / F \ 2 



w 



(c) f l^ll««rt(q>w)| 2 xjj(q,w) = - (^j | |.4|| e;ct (q, w) | 2 Jmx||(q, w) 



10 For free electrons the diamagnetic term is 1/3 of the paramagnetic one, so the field is actually enhanced 
within the interior of the system. 

11 Indeed this is the same screening length one would obtain within the Thomas- Fermi approximation. Namely, 
if we consider the equation for the internal scalar potential in the presence of a time-independent external charge 

V 2 0(x) = -Anp ext {x) - 4np ind (-x.), 

and we assume a very weak space-dependence so that 

e dN 2 2 

pw(x) ~ -y-Q^ (~ e< K x )) = e n K<j>(x), 

as if (— e0(x)) acts like a chemical potential shift, we do find the Thomas- Fermi screening length. 
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uoJ 2 



\E\\exM^)\ 2 Xmx||(q,w), 



where xjj(q, w) is the dissipative current-current response function which is equal to minus the 
imaginary part of the linear response function. On the other hand 



Tmx||(q,w) 



Tmx||(q,w) 



Im — i 



'e 2 €ii(q,a») 



w „ <^||(q.w) 
e 2 en(q, a;) 



a; 



^ e ( I" 7 (ei|(q,w) - 1) / J 



47re 2 



Im 



e ii(,qi^J 



_^ e -n(q,") 



e 2 



e||(q.w) 

^ii(q»^) 
^i + _ (T|| ( q)W )y 



e 2 |ei,(q,w)| 2 



7ee<7||(q,w), 



which, through l-EV^I = |eii| |-E|u nt |, implies that 



a; 



= Im 



1 



,2 1 



8tt eii(q,w) 



£|| art fa. W) | = <7|| (q, w) |#|| int (q, w) |' 



(4.158) 



Therefore the power dissipation in the presence of a longitudinal field is controlled either by 
the imaginary part of the inverse dielectric constant or by the real part of the conductivity, 
depending whether one has access to the applied field or to the full internal one. 

In the case of a transverse field 



where 



Therefore 



LO 



Imxi(q,w) = — g 7£e<7_L(q,u; 



LO 



Aire 2 



Zm ej_(q, to) 



Uj 2 1 o 

W = ^Uea±(q,,Lo) \A ±int ((i,Lo)\ = -Tie <r ± (q, to) \E± int (q, lo)\ 

LO LO 2 LO 

= —^2me ± (ci,uj) \A ±int (q,io)\ 2 = —2me ± (ci,uj) \E ±int (ci,uj)\ 2 . (4.159) 
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Figure 4.2: Experimental geometry. 



4.6.5 Reflectivity 

Let us suppose to shoot a beam of light normally to the surface of the sample, which is in contact 
with the vacuum. The experimental geometry is drawn in Fig. 4.2. The normal direction is the 
z-direction, so that z > is the vacuum and z < the sample, and the electric field is polarized 
along the x-direction. By the geometry of the scattering experiment, the incident, reflected and 
transmitted waves have all the wave-vector along z, ki, k r and kt, respectively. 

Through Eq. (4.136) it derives that the electromagnetic field propagates inside the sample if 

e_L(q,w). 



Since tha vacuum has e± = 1, the conservation of frequency implies 



k 2 



e±(k t ,oj) ' 

hence k r = —ki > 0. If the sample is non-magnetic, the electric and magnetic fields, which are 
both parallel to the surface, should be continuous through the interface vacuum-sample: 

E? + E? = E*, Bf + By = B\. 

Notice that 

Bf = -hEf, 

UJ 

and analogously for the reflected and transmitted components. Hence Bf + Br = B\ implies, 
thorugh Ef + E* = Ef , that 

k r (E* - Ef) = k t E x t = -y/e ± {kt,u>)k r (Ef + Ef) , 



157 



which leads to 



El 



Therefore the reflection coefficient is 

R 



1 ~ Ve±(h,u) m 
1 + ^e±(k t ,u) 



1 - ^e±(k t ,u) 



E r 


2 







1 + y/e±(k t ,u) 



(4.160) 



Since the propagating wave-vector of the light is negligible at the typical excitation frequencies 
of the sample, we can approximate e±(kt,Lj) ^ e±(0,uj). In a metal we showed that 



^7, 



€ ± (0,(J) = I" ~i, 



which is real and negative for \u\ < uj p . Through Eq. (4.160) it implies that a metal reflects 
perfectly for frequencies below the plasma frequency. 
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4.7 Random Phase Approximation for the electron gas 



So far we have introduced the linear response functions of an electron gas and discussed some 
limiting values which can be obtained without resorting to any explicit calculation. In this section 
we will evaluate the response functions within the time-dependent Hartree-Fock approximation. 

As before we consider an electron gas in the presence of a positive background which neu- 
tralizes its charge. The Hamiltonian is 

U = E £k C Lr C kcr + ^7 E U W M<1) " Vn5 ^) " Vn5 ^) > ( 4161 ) 

kcr kpq 

where ek = fr 2 \k\ 2 /2m is the kinetic energy, J7(q) = 47re 2 /|q| 2 and p(q) the Fourier transforms of 
the Coulomb interaction and of the electron density, respectively, and n the positive background 
density. By definition the Fourier transform of the electron density at q = is equal to V n, 
thus canceling the positive background charge. Therefore the interaction term is actually 

n ^t 4EE u W ( 4 - 162 ) 

q^O kp 

Let us start with the Hartree-Fock approximation. If we assume that spin-rotational and 
space-translational symmetries are preserved in the actual ground state, then we are forced to 
search for an Hartree-Fock wave-function whose only variational parameters are 

( c L c k.) = (4-163) 

with nkj = rikj = n^. Then, for q / 0, 

P(q)p(-q) = E E C L C k+ q a C P+qa'V 
kp era' 

" E nk C k+qa C k+qa + "k+q 4 CT C ka , 
ko- 

so that the Hartree-Fock Hamiltonian is 

n HF = Yl e ^-^E U W n k +q I 4 CT c k(T , (4.164) 

ka \ q^O / 

which is already diagonal with eigenvalues 

CkHF = £k - y E U nk +q- 

q^O 
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Let us assume that the Fermi-sea solution, i.e. n k = 1 if |k| < kp and zero otherwise, is still 
the choice which minimizes the total energy, and let us apply the time-dependent Hartree-Fock 
machinery to evaluate the response to an external field V ex t(c[,t) which couples to the density. 
We readily find that the equation of motion of the average values 



Ak,k+q;cr - 

is, at linear order, 

(ihd t - ek+qHF + ikHF) Ak,k+q;cr 



( C ko- C k+qcr)' 



(n k - n k+q ) 



V ext (ci,t) + yYl A p,p+q;-' " S ™' U ( k ~ P)) 



per' 



Let us solve this equation neglecting the second term, i.e. the Fock contribution, in the 
right hand side, which corresponds to the so-called Random Phase Approximation (RPA). To 
be consistent, the RPA approximation also amounts to neglect the interaction correction to the 
HF eigenvalues, which only derives from the Fock term, so that c^hf —> ^k- Within RPA we 
find that 

C/(q) 



*k,k+q;cr 



™k - ™k+q 



V ex t{q.,t) + 



V 



per' 



V — £k+q + Ck 

The induced charge is defined for as 

p ind {(i,uj) = (cL c k+q CT ) - 



p,p+q; a' 



(4.165) 



and satisfy the RPA equation 



Pmd(q,w) = 1^2 

V kcr 



kcr 



™k - ™k+q 



^ — e k+q + £k 

= Vxrpa{^^) 



Vext(<l,t) + 



V 



p+q; a' 



pa' 



V ex t(<l,t) + *^T-Pind(<l,u) 



where 



XRPA{q.,u) 



V ^ uj- 



V 



(4.166) 



Vrr u - e k+q + e k + if] 

corresponds to the proper density-density response function within RPA, the infinitesimal rj > 
playing the role of the adiabatic switching rate. 

Xrpa{<\i to) is also the density-density response function of free electrons, also called the 
Lindhart function, which also clarifies the meaning of the RPA approximation. As we know the 
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proper response function is the response to the external field plus the electric field generated by 
the same electrons. In order not to double-count this term, the proper response function has 
to be evaluated neglecting the contribution of the electron-electron Coulomb repulsion which 
represents the coupling of the electrons to the average electric field generated by the same 
electrons, which is roughly as if the eletrons were actually non-interacting. We leave as an 
exercise the evaluation of the Lindhart function in a three-dimensional. We just mention that 
the RPA approximation preserves the sum-rule (4.140), hence all the results which derives from 
that. Concerning the limiting value (4.152), within RPA the compressibility turns out to be 
that one for free electrons. 

One can perform the same analysis with an external probe which couples to the transverse 
current. The result would be a transverse current-current response function which, within the 
RPA approximation, coincides with that of free electrons. Also in this case the exact limiting 
values we have previously extracted are reproduced. In other words the Random Phase is a 
consistent Approximation. 

Excercises 

(3) Calculate the Lindhart function for an = h 2 k 2 /2m dispersion in three dimensions. 

(4) Calculate the 

lim lim x_L(q,cj), 

q^O uj—*0 

of the transverse current-current response function for free electrons. Show that the limit 
coincides with (4.156) with A = 4. Prove that the diamagnetic term is actually 1/3 of the 
paramagnetic one. 
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Chapter 5 

Feynamm diagram technique 



Time-dependent Hartree-Fock is a relatively simple way to access excitation properties thus 
going beyond Hartree-Fock theory. A more systematic scheme, which includes time-dependent 
Hartree-Fock as an approximation, is to perform perturbation theory. However the perturbation 
expansion in a many-body problem is not as straightforward as in a single-body case but can be 
simplified substantially by means of the so-called Feynamm diagram technique. In this chapter 
we present this technique at finite temperature. 

5.1 Preliminaries 

First of all we need some preliminary definitions and results. 
5.1.1 Imaginary-time ordered products 

Let us introduce first the imaginary time evolution of an operator -A(x) through 

A(x,t) =e Hr A(x)e- Hr , (5.1) 

where H is the fully interacting Hamiltonian and r £ [0,(3], where f3 = 1/T is the inverse 
temperature (we use Ti = 1 and Kb = 1)- 

Given two operators ^4(x) and B(y) we define the imaginary time Green's function through 

G AB ( X ,y-T-r') = -(T T (A( X ,r)B(y,r'))) 

= -^r-r')(^(x,r)i?(y,r / ))T^r , -r)(i?(y,r / )^(x,r)). (5.2) 

where T T denotes the time-ordered product, and the minus sign applies when one or both the 
operators are bosonic-like, namely contain bosons or an even product of fermionic operators, 
while the plus sign when both operators are fermionic-like, i.e. contain an odd product of 
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fermionic operators. Due to time-translation invariance, the Green's functions only depend on 
the time difference r — r' G [—(3,0\. 

Analogously, given n operators, ^(x^Tj), i = l,...,n, we can define the multi-operator 
Green's function 

GA u ...,A n {xi, . . . ,x n ; ri, . . . ,T n ) = -(T T (Ai(xi,n) . . . A n (x n ,T n ))}, (5.3) 

which is the average of the time ordered product, namely operators with earlier times appear on 
the right of those at later times, having a minus sign if the number of crossings needed to bring 
fermionic-like operators in the correct time-ordered sequence is even and the sign plus otherwise. 

5.1.2 Matsubara frequencies 

Let us consider the two-operator Green's function Gab(x, y; r), with r G [— /?, (3] being the time 
difference. Since the time domain is bounded, we can introduce a discrete Fourier transform, 
with frequencies oj n = (2it/2(3) n = ttuT, with n an integer. We define, dropping for simplicity 
the spatial dependence, 

G AB {iun) = \ [ dre^GABir), 
1 J -p 

and, consequently, 

G A b(t) =T^ e-^ T G AB (iu; n ). 



From the properties of the trace it derives that 

' e -f3H Be Hr Ae H-r 



(B(0)A(r)) = ^Tr 



-PH e fSH e Hr Ae -Hr e -pH B 



= {A(P + T)B(0)), 



which implies that 

1 



G AB (iu n ) = \ I dre 1 ^ G ab (t) 

1 J-/3 

= ~J dTe^ T {A( T )B(Q))^^ f dr e— (B (0) A(r)) 

1 fP i f0 

= — / dre tuJnT (A(t)B(0))t- dr e^" T (A((3 + r) B(0)) 

2 Jo 2 J -p 

1 rP i rP 

= — / dre iuJnT (A(t)B(O)) T e ~^P / dr e iuJnT (A(t) B (0)) 

2 Jo 2 ,/ 

= i(l±e-^)jf dre^ T G AB {T). 
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Since exp (—iuj n (3) = (—1)™ then a non-zero Fourier transform requires for bosonic-like operators 
even integers n's and for fermionic-like odd n's. We define the bosonic Matsubara frequencies 

n m = 2mirT (5.4) 

and the fermionic Matsubara frequencies 

co m = (2m+l)vrT, (5.5) 
so that the bosonic- and fermionic-like Fourier transform of G ab (t) become, respectively, 

G AB (n m )= f \t^ t G ab {t\ G AB {u m )= f \t^ t G ab {t\ (5.6) 
Jo Jo 

hence just require the knowledge of the Green's functions for positive r. 

Connection between bosonic Green's functions and linear response functions 

Let us assume that both A and B are observable quantities, which implies they are hermitean, 
hence bosonic-like operators. Then, for positive r, we have 

G ab {t) = -(A(T)B(0)) = -^Y, e ~^ En ( n \ eHTAe ~ HTB \ n ) 

n 



= e ~^ En e- {Em - En)r (n\A\m)(m\B\n). 



Z 

nm 



Since 



I 



P 1 / 

dj . e ifV -(E m -E n )r = i ( e -(E m -E n )f3 _ j 

in,- (E m -E„) V 



'o - ( E m - E n ) 

we finally find that 

GabM) = \Y. ( e_/3£n " e ~ PEm ) -n - (e -e ) W4"»>H*I*>- ( 5 - 7 ) 

nm I \ m n) 

Comparing this expression with the Fourier transform in frequency of the linear response func- 
tion xab (<*>), see Eq. (3.33), we easily realize that the two coincide if we analytically continue 
G AB {i£L\) on the real axis, iVti — > to + irj. In other words the knowledge of G AB (iQi) means that 
we know the value of the function G AB (z) of the complex variable z on an infinite set of points 
on the imaginary axis z\ = ify. This is sufficent to determine the full G AB (z) in the complex 
plane, with the supplementary condition that, since G AB (z) = Xab(z), it has to be analytic in 
the upper half-plane. 



164 



Useful formulas 



There is a very useful trick to perform summation over Matsubara frequencies. Let us start 
from the fermionic case. Suppose we have to calculate 

T^F(ie n ), 

n 

where we assume that F(z) vanishes faster than \/\z\ for \z\ — > oo and has poles but on the 
imaginary axis. We notice that the Fermi distribution function, as function of a complex variable, 



/(*) 



1 



has poles at 



7T 



£(2n + l)~ = ie n , 

(3 



namely right at the Matsubara frequencies, with residue —T. Let us consider the integral along 
the contour shown in Fig. 5.1 

Im(z) 



Re(z) 



Figure 5.1: Integration countour, see text. 

This countour integral can be calculated by catching all poles of the integrand in the region 
enclosed by the countour which includes the imaginary axis, shaded area in Fig. 5.1. Since this 
area is enclosed clockwise the integral gives 

/ = _ Res (f(z n )) F{z n ) =TJ2 F(ie n ), 

z n n 
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which is just the sum we want to calculate. On the other hand, I can be equally calulated by 
catching all poles of the integrand in the area which does not include the imaginary axis, the 
non-shaded region, which, being enclosed anti-clockwise gives 

/= f(z*)Res(F(z*)). 

z*= poles of F(z) 

Therefore 

T^F(ie n )= Yl /(^)Res(F(z,)). (5.8) 

n z„ = poles of F(z) 

Notice that, if F{z) has branch cuts the calculation is slightly more complicated since we have 
to deform the contour as to avoid branch cuts. In this case, instead of catching poles we have 
to integrate along branch cuts. For instance, suppose that F(z) has a branch cut at z = x + iu, 
with x G [—00,00], as shown in Fig. 5.2. Let us consider the non-shaded area enclosed inside 



Im(z) 




Re(z) 



Figure 5.2: Integration countour in the presence of a branch cut, see text. 

the countour depicted in Fig. 5.2. In this area there are no poles hence the contour integral is 
zero. On the other hand this contour integral is also equal to the contribution of the poles inside 
the shaded area, which includes the imaginary axis, plus the integral along the contour which 
encloses the branch cut. Therefore 

/A 
— fix + ioj) \F(x + ioJ + i0 + ) - Fix + iuj - i0 + )} . (5.9) 

n 

In the case in which the summation is performed over bosonic frequencies, we can use similar 
tricks once we recognize that the poles of the Bose distribution function 

h{z) = 7^? 
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coincide with the bosonic Matsubara frequencies, 

z n = i2n-, 

with residue T. 

5.1.3 Single-particle Green's functions 

Among the averages of time-ordered products an important role in the diagrammatic technique 
is played by the so-called single-particle Green's functions. 

Fermionic case 

If ^(x, r) is the imaginary-time evolution of the Fermi field, then the single-particle Green's 
functions is defined through 

GW(x,y;r) = -<T r (* CT (x,r) ^My)t)) 

= -0(t)<<Mx,t) ^(y)t)+^(-r)(^(y) t *a(x,r) ). (5.10) 

If we make a spectral representation as before and calculate the Fourier transform using the 
fermionic Matsubara frequency, we readily find that 

Let us take a = a' and x = y, which correspond to the so-called local Green's function, and 
introduce the real and positive spectral function 

4r(x,e) = i£ (e-^+e-^) |<n|* ff (x) \m)\ 2 5 (e - E m + E n ) , 

nm 

through which, after continuation in the complex plane iuji — > z 

G CT(T (x,x;z) = f deA<r(x,c) 

J z-e 

As function of the complex frequency, G(z) has generally branch cut singularities along the real 
axis. Indeed 

G CTO -(x,x; z = lo + i0 + ) — G crcr (x, x; z = uj — i0 + ) = — 2tt i A a {x, u). 
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What is the physical meaning of the spectral function? Let us rewrite A a (x, uj) in the following 
equivalent way: 



A,(x,e) = 



— — (m|* CT (x)t|n) 5(e-E m + E n ) 



(m|* CT (x) |n) (5 (e + E m - E n ) , 



(5.11) 



which shows more explicitly that A a (x, to) is just the local density of states for adding, first 
term in the right hand side, or removing, second term, a particle at position x with spin a. This 
quantity can be for instance measured in tunneling experiments. Finally we notice that 

e -/3£n , 2 2n 

deA a (x,e) = ^ [ (m|* CT (x) T |n) + (m|* CT (x) \n) J 

nm 

= 22 ~z~ (H^M *^( x )V) + (n|* CT (x)t^(x) |n)) 

n 

= £-z-W{<Mx) ,^(x)t}|n) = l, 

namely that the integral of the spectral function is normalized to one. 

In all this chapter we are going to assume a grand-canonical ensamble for the fermions, which 
is equivalent to add to the fermionic Hamiltonian H a chemical potential term, i.e. H — ► H—jj,N, 
where \i is such that the average number of particles has the desired value No. At T = /x 
becomes the Fermi energy and selects as the ground state the lowest energy state with iVo 
particles. Therefore, at T = the sum over n is reduced just to the ground state, |0, Nq), with 
Nq particles, hence 

4r(x,e) = H e + E o(N ) -E m (N + l)) | <m,JV o + l|<Mx)t|0,JVo> 

m 

+ X *(e-^(JVo) + ^m(JVo-l)) |<m,JV -l|^(x) |0,JV o ) 

m 

where we explicitly indicate that the ground state energy refers to Nq particles and the first term 
in the right hand side involves moving to the subspace with Nq + 1 electrons, and the second to 
the subspace with Nq — 1 electrons. The first S- function implies that 



e = E m (N + 1) - E (N ) = (E m (N + 1) - E (N + 1)) + (E (N + 1) - E (N )) > 0, 
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because the energy of the state m with No + 1 electrons is greater or equal to the ground state 
energy Eq(No + 1), and, by definition, Eq(Nq + 1) — Eo(No) > since the lowest energy state 
for any N occurs at Nq. Analogously, in the second 5-function 

e = - (E (N - 1) - E (N )) - (E m (N - 1) - E (N - 1)) < 0. 

In other words, for positive e the spectral function is the density of states upon adding an 
electron and for negative values that one for removing one particle. 

Let us suppose now that the system is translationally invariant. If we then expand the Fermi 
fields in eigenstates of the crystalline momentum, and introduce the space Fourier transform of 
the Green's function, we find 

GW(k,p;r) = -(T T (c k » c^,)) = <5 kp G aa ,(k, r), 

where 

G fTa/ (k,T) = -(T T [c ka (r)cl a ,)). (5.12) 
In this case and for a = a' the Fourier transform in the complex frequency plane would be 




where 

2 5(e-E m + E n ), (5.13) 

nm 

is the density of states for adding and removing a particle at momentum k. Since ^4(k, e) is real 
and positive, G(k, z) has generally branch cuts on the real axis, since 

G CTCT (k,e + iO + )-G CTCT (k,e-iO + ) = -2ni A a (k,e). (5.14) 

Notice that, as before, the spectral function is normalized to one. In addition one can readily 
verify that 

4(x, e ) = i ff ( e ) = ^i ff (k, f ). (5.15) 

k 

Let us consider non-interacting electrons described by the Hamiltonian 

kcr 

where, as discussed previously, is measured with respect to the chemical potential fi, which 
is the Fermi energy at T = 0. In this case it is easy to show that 

Gf a ,(\i,iu n ) = 5 aa , G(°)(k,io; n ), 
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where 



G {0 \k,iLO n ) 



1 



(5.16) 



iu: n - e k 



The spectral function is simply 



A(°)(k,e) = <5(e-e k ), 



(5.17) 



and is finite for e > if k is outside the Fermi surface, and for e < otherwise. Notice that a 
small frequency e corresponds to small e k , i.e. to momenta close to the Fermi surface. 

Bosonic case 

Let us define as 3>(x) the Bose field for spinless bosons. Analogously to the fermionic case we 
can define a single-particle Green's function through 



Let us again assume that the model is translationally invariant and introduce the bosonic oper- 
ators a q and well as the conjugate variables 



In most common situations, the object which appears within perturbation theory is, rather than 
the single-particle Green's function, the x — x time-ordered product, namely 



G(x,y;r) = -<T T (d>(x,r) $(y)t)> 

- -0(t)($(x,t) $(y)t)-0(-T)<$(y)t$(x,T) ). 




0(q,r) 



(T T (x q (T)X- q )). 



(5.18) 



Let us consider the bosonic non-interacting Hamiltonian 




q 



with u; q = cj_ q . Then, for positive r, 



£>(q,r) 



-(a q (r)a q ) - -(al q (r)a_ q ) 
I e -^ (1 + 6K)) _l e ^6 K) , 
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where 

&K) = (<a q > = (e^-l)~\ 
is the Bose distribution function, and 

<o q 4) = 1 + b ( u <i 

Noticing that 



rP 

/ dTe iQmT e T ^ T 
Jo 

one readily finds that 



( _ 5 



(5.19) 



5.2 Perturbation expansion in imaginary time 

Let us suppose that the full Hamiltonian 

H = H + V, 

where Hq is a single particle Hamiltonian which can be diagonalized exactly while V is a per- 
turbation which makes the model not solvable, e.g. it is the electron-electron interaction. We 
already showed in Section 4.2 that 



-tH _ -tH 



S(r), 



where, see Eq. (4.28), 



S(t) = S(t,0) = T t 



exp I — / d,T\ V(ti) 



(5.20) 



being V(t) the Heisenberg evolution of V with the non-interacting Hamiltonian. It is easy to 
show that, for r > r', 



S(t-t',0) = T T 



exp 



e~ T ' H "T T 



exp - / dn V(n 



exp 



dr\ V(t\ — t'\ 



e T>H = e -T'H 0S{T y )e T'H^ 



namely that 



e -(r-r >)H = e - T H 0S{T y )e T'H _ 



(5.21) 
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Suppose we have to calculate the multi-operator Green's function (5.3), and further assume 
that, e.g., n > r 2 > • • • > r n _i > r n , then 



G Al ,...,A n ( T i, ... ,r„) 



•(^i(n)...A n (r n )) 



-r n H 



-Wo 



S(P, n) e TlHo Ai e- riHo 5(n, r 2 ) e T2f/ ° A 2 e" 7 " 2 ^ . . . 



. . . 5(r n _!, r n ) e T " H ° A n e"^ 5(r n , 0)] . 
We readily see that all times remain ordered, so that for a generic time-ordering we would get 



Ga 1 ,...,AtX t i, - ■ ■ ,r n ) 



-{T T {A 1 {T 1 )...A n {r n ))) 



; Tr 



e -Wo Tr (S(j3)A 1 ( Tl )...A n (r n )) 



where the time evolution of the Aj's operators in the last equation is through the non-interacting 
Hamiltonian. Recalling that 

Z = Z o (S(0)), 

we therefore conclude that 



Ga u ...,a„(ti, ...,T n ) = - 



1 



W)> 



(T T (S(j3)A 1 (T 1 )...A n (Tn))), 



(5.22) 



where the thermal averages as well as the imaginary-time evolution are done with the non- 
interacting Hamiltonian Hq. This expression is now suitable for an expansion in V. 



5.2.1 Wick's theorem 

Upon expanding S(/3) in powers of the perturbation V, the calculation of any Green's function 
reduces to evaluate the average value of a time-ordered product of Fermi or Bose fields with a 
non interacting Hamiltonian. It is therefore essential to know how to perform this calculation. 

Let us suppose to evaluate with a non-interacting Hamiltonian for free fermions the average 
value 

-<T T (*(xi,n) *(x 2 ,r 2 ) ...*(x n ,r n ) *(y n ,<)t ... *( yi ,r()t)). 

For any time-ordering this amounts to average a product of creation and annihilation operators 
over a non interacting Hamiltonian. We already know that this is the sum of the products of 
all possible contractions of an annihilation with a creation operator. Suppose that the operator 
Vl/(xj,Tj) is contracted with ^(yj, Tj) ■ If all other times but t.- l and rj are the same, there are 
two cases: if Tj > rj we will have to evaluate the contraction 

(*(x 4 ,r t )vl/(y j ,rj)t); 
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if Tj < Tj we need to interchange the two operators, which leads to a minus sign hence to 

Both cases can be described by the single formula 

-G(xi,yj;Ti - T-). 

This argument can be extended to all other contractions, justifying the result that 

The average value with a non-interacting Hamiltonian of the time-ordered product 
of Fermi fields is obtained by contracting in all possible ways an annihilation with a 
creation operator and regarding any contraction as a non-interacting single-particle 
Green's function. The sign of each product of contractions is (— l) n (— 1) L , where n 
is the number of annihilation operators, which has to be equal to the number of 
creation operators, and L is the number of crossings needed to bring each creation 
operator to the right of the annihilation operator with which it is contracted. 

This is the so-called Wick's theorem. For instance 

-<T T (*(xi,n) *(x 2 ,t 2 ) ^(y 2 ,r^)tM/(y 1 ,rO t )) 

= -G( )(x 1 ,y 1 ;T 1 -T0G( )(x 2 ,y 2 ;r 2 -^) + G( )(x 1 ,y 2 ;T 1 -T^)G(°)(x 2 ,y 1 ;r 2 -T0. 

In the case of non interacting bosons the Wick's theorem does not hold rigorously. Yet, if 
we work with a translationally invariant model and if there is no Bose condensation, the Wick's 
theorem still works, this time without any phase- factor (— 1) L , apart from corrections which 
vanish in the thermodynamic limit. 



5.3 Perturbation theory for the single-particle Green's function 
and Feynmann diagrams 

Let us consider the Hamiltonian for free electrons 

Ho = Y,^ c L^ (5-23) 

in the presence of an interaction 

H int = \j2 J rfxdy* CT (x)t* CT ,(y)tr/( x _ y )^ CT/ ( y ) ^(x) , 
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which will be our perturbation V. In the S'-matrix it appears 

JdrH int (T) = l -Y, J dxdy J dTH> a (x,T)^ a ,(y,T^U(x-y)* a ,(y,T) tt ff (x,r) 

= l -Y. J dxdy J dTdT'* a (x,T)^ a ,(y,T'yU(x-y)5(T-T')* a ,(y,T') * CT (x,r) 

aa' 

= J tedyV a {x)^oi{yjtU{x- y)^a'{y) V a {x) , 

where we have introduced the multicomponent coordinates x = (x, r), y = (y, r') and by 
definition 

= C/(x-y)<5(T-T'). 



Therefore 
= T T 



expj-ij^ / dx 1 dx 2 ^a{xi) ] ^a'{x 2 ) ] U{x 1 - X 2 )^ a >(x 2 ) ^a(xi) 



The single-particle Green's function is, as demonstrated previously, 



(5.24) 



where the averages are done with the non interacting Hamiltonian. Let us calculate it up to 
first order in perturbation theory, namely with 

S(0)~SW(P)+SW(P) = 1-±Y, J dx 1 dx 2 Va{x 1 )^ a ,{x 2 yU(x 1 -X2)y a >(x2) ®a{xi) ■ 

aa' 

We need to calculate up to first order the numerator and the denominator of (5.24). About the 
numerator and using Wick's theorem we find 

-(T T (s(l3)* a (x) * a (y)t)) = GM(x,y) 

+ ^Y1 I dx 1 dx 2 U(x 1 -X 2 )(T T ^ a{y) ] ^> a{xi)^ ^{X 2 )^ p{x 2 ) ^ a (xi) 

= G?Hx,y) (l + (S<»(P)j) 

+- ^2 / dxi dx 2 U (#i — x 2 ) S aa [x, Xl ) ( Xl ,y) Gf {x 2 , x 2 ) 



a(3 



3aa Oa/3 

G^(x,x 1 )G^(x 1 ,x 2 )G^(x 2 ,y) 
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X 



- = G(x,y) 
' - G (x,y) 



= U(x-y) 



Figure 5.3: Graphical representation of the Green's functions and the interaction. 



+ 2^ dx 1 dx 2 U{x l -x 2 ) [8 a( ,G^(x,x 2 )G^(x 2 ,y)G^(x 1 ,x 1 ) 

a/3 

—8<rP <%a 

G^\x,x 2 )G^(x 2 ,x 1 )Gf(x 1 ,y) 
The last two integrals are actually equal since we can interchange x\ <-> x 2 , so that 
-(T T (S(0) 9 a (x) 9*(y?)) = G^(x,y) (l + <S (1) (/3)) N 



+ 2 / dx 1 dx 2 U(x 1 -x 2 ) [5 aa G^(x,x 1 )G^(x 1 ,y)Gf(x 2 ,x 2 ) 

—5 aa 5 a p G^(x,x 1 )G^(x 1 ,x 2 )G^(x 2 ,y)\ 
The denominator gives simply 1 + (S^\P)} so that, up to first order 



G^(x,x 1 )G^(x 1 ,y)^2G^(x 2 ,x 2 ) 



G a (x, y) = G^ (x, v) + J dxi dx 2 U (x\ - x 2 

-G( r °)(x, a ; 1 )G( )(x 1 ,x 2 )G( )(x 2 ,| / ) 



(5.25) 



Let us give a graphical representation of this result. We represent the fully interacting Green's 
function as a line with an arrow, the non-interacting one as a tiner line and the interaction as a 
wavy line with four legs, see Fig. 5.3. An incoming vertex represent a creation operator, while 
an outgoing one an annihilation operator. With these notations the Green's function up to 
first order in the interaction can be represented as in Fig 5.4. The conventions are that any 
internal coordinate is integrated, the spin is conserved along a Green's function as well as at any 
interaction- vertex, and a wavy line is the interaction U. There are two first order diagrams. The 
tadpole one has a plus sign while the other one a minus sign. We notice that both diagrams are 
fully connected. Actually the disconnected pieces cancel with the denominator (S(/3)}. One can 
go on and calculate the second order corrections to infer the rules for constructing diagrams. 
Here we just quote the final answer. 
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The n-th order diagrams for the single particle Green's functions are all fully con- 
nected and topologically not equivalent diagrams which can be constructed with n 
interaction lines and 2n + 1 non-interacting Green's functions, with external points 
at x and y. All internal coordinates are integrated. The sign of each diagram is 
(— l) n (— 1) L , where L is the number of internal loops. Spin is conserved at each ver- 
tex, hence each loop implies a spin sum. Finally, if a Green's function is connected 
by the same interaction line it has to be interpreted as the limit of r —> 0~, since in 
the interaction creation operators are on the left of the annihilation ones. 

One easily realizes that the following rules reproduce the two first order corrections we have 
just derived. 

In Fig. 5.5 we draw all topologically inequivalent diagrams at second order in perturbation 
theory. Let us follow the above rules to find the expression of the last two, (h) and (i). The 
former has no loops, hence its sign is simply (— l) n = (— l) 2 = 1. The spin is the same for all 
lines hence its expression is 

r 4 

(h) = H dx t U( Xl - x 3 ) U(x 2 -x 4 ) (x, Xl ) Gf ( Xl ,x 2 ) (x 2 ,x 3 ) Gf (x 3 , x 4 ) G^ (x 4 , y). 
^ i=i 

Diagram (i) has a loop, hence (— 1) L = (— l) 2 (— l) 1 = —1. The internal loop implies a 
spin summation, hence 




5.3.1 Diagram technique in momentum and frequency space 

Let us assume that, besides time-translational invariance, the system is also space translational 
invariant. Therefore let us derive the perturbation expansion of the Fourier transform of the 




y 



Figure 5.4: Graphical representation of the Green's function up to first order. 
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Figure 5.5: Graphical representation of the second order corrections to the Green's function. 

Green's function G a (p,ie n ). We further need to introduce the Fourier transform of the inter- 
action line as well as we need to indicate a direction to this line, which is the direction along 

p,i£ n p+q,i£ n + iCOi 



U(q,icoOj 

=5»- 

k+ q> i£m + ico l k ' 1£m 

Figure 5.6: Graphical representation of the interaction in Fourier space. 

which momentum and frequency flow, see Fig. 5.6. Notice that the frequency carried by the 
interaction is the difference between two fermionic Matsubara frequencies, hence it is a bosonic 
one, namely an even multiple of ir T. Moreover, since U(x — y) = C/(x — y) 5(t — r'), the Fourier 
transform is U (q, iu>i) = U (q), independent of frequency. Moving to the perturbation expansion, 
since the spatial and time coordinates of each internal vertex are integrated out, momentum and 
frequency are conserved at each vertex, namely the sum of the incoming values is equal to that 
of the outgoing ones. Therefore the rules are: 

The n-th order diagrams for the single particle Green's functions with momentum p 
and frequency ie n are all fully connected and topologically not equivalent diagrams 
which can be constructed with n interaction lines and 2n+l non-interacting Green's 
functions, with external lines at (p, ie n ). At each vertex, the sum of momenta and 
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that of frequencies of the incoming lines must be equal to the those of outgoing 
lines. All internal momenta and frequency are summed up, sum over momentum, 
e.g. k, being 

V 

k 

and over frequency, e.g. ie m , 

m 

The sign of each diagram is (— l) n (— where L is the number of internal loops. 
Spin is conserved at each vertex, hence each loop implies a spin sum. Finally, if a 
Green's function is connected by the same interaction line it has to be interpreted 
as the inverse Fourier transform at r = , i.e. 

r^G fT (k,ze m )e-^°". 

m 

For instance up to first order the diagrams are those in Fig. 5.7 and are explicitly 
G CT (p,*e„) = G^(p,ie n ) + G^(p,ie n ) 2 U(0)Tj2lpJ2Jl G ? (k.^Je"^ " 

m k (3 

-G<® (P, ^en? ^ E 7/ E t%) G ° ] (P " <!' ^ " ™i) e- i{ " ;) °~ , 
i q 

where we use the convention that e denote fermionic Matsubara frequencies and u> bosonic ones. 



P, ie n p, ie n 

► = + 

k, ie m 




P-q>i£n-i ffl l 



Figure 5.7: Diagrams for the single-particle Green's function up to first order in Fourier space. 
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Figure 5.8: Diagrams for the single-particle self-energy up to second order. 
5.3.2 The Dyson equation 

Among all possible diagrams for the single particle Green's function, we can distinguish two 
classes. The first includes all diagrams which, by cutting an internal Green's function line, 
transform in two lower-order diagrams of the same Green's function. These kind of diagrams 
are called single-particle reducible. For instance diagrams (a), (b), (c) and (d) in Fig 5.5 are 
single-particle reducible. The other class contains all diagrams which are not single-particle 
reducible, also called single-particle irreducible. For instance both first order diagrams as well 
as the second order ones (e) to (i) are irreducible. Let us for convenience introduce a generalized 
momentum p = (p,ie n ) and let us define as the single-particle self-energy S CT (p) the sum of all 
irreducible diagrams without the external legs. For instance, the self-energy diagrams up to 
second order are drawn in Fig. 5.8, where the self-energy is represented by a rounded box. It 

E(P) 




£(P) E(P) 
E(P) 




Figure 5.9: Dyson equation for the single-particle Green's function, 
is not difficult to realize that, in terms of the self-energy, the perturbation expansion can be 
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rewritten as in Fig. 5.9, which has the formal solution 



APll£n) ~ l-G( )(p,, e „)S CT (p,, en ) " ie n -e p -V(P,ien) ' ^ 

the last expression being valid for H$ in Eq. (5.23), which, being spin- independent like the 
interaction, can not produce two different self-energies for spin-up and down electrons. This is 
the so-called Dyson equation for the single-particle Green's function. There are therefore two 
possible ways of doing perturbation theory. The simplest is just to do perturbartion theory, 
say up to order n, directly for the Green's function. The second is to obtain up to order n the 
self energy and insert its expression in the Dyson equation (5.26). This provides in principle an 
approximate Green's function which contains all order in perturbation theory, so (5.26) actually 
represents a way to sum up perturbation theory. This latter is in reality the most physical way 
to proceed. The reason is that the perturbation is going to change the branch cut singularities of 
the Green's function, which can be traced easier using (5.26) than directly from the perturbative 
expansion of G. 1 

Physical meaning of the self-energy 

The single particle Green's function has a branch cut on the real axis, see (5.14), which implies 
that the real part is continuous but the imaginary part has a jump. This also means that the 
real part of the self-energy is continuous but the imaginary part is not, so that we can define 

E'(k,e) = KeZ(k,e + ir}) =KeE(k,e- jjj), 



X A simple way to explain it is the following. Let us take the Green's function for non-interacting fermions 

G(ie„) = WfTv 

ie n - E(y) 

where E(V) are the single-particle eigenvalues which depend on some Hamiltonian parameter V, so that 

E(V = 0) =E + Y / E n V n , 

71 

and the unperturbed Green's function at V = is 

g (0) ' 



ie n — E Q 



The calculation of the self-energy in perturbation theory gives simply the perturbation expansion of the eigenvalues 
hence tells us how these eigenvalues changes with V. On the contrary the perturbation expansion of the Green's 
function 

G = G (()) + V (G (0) ) 2 E 1 V, + V 2 ((G (0) ) 2 E 2 + (G (0) ) 3 £?)+..., 

is of difficult interpretation since at each order in perturbation theory all lower order corrections to the eigenvalue 
intervene. 
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S"(k,e) = lmT,(k,€ + ir]) = -JmS(k,e- »t/) < 0, 



where r\ — > + and the last inequality follows from the fact that the spectral function is positive 
and given by 

' * ( e _ ek _ S ' (k , e) )2 +(r? _ s // (k)e)) 2- 

For non- interacting electrons £ = and the spectral function tends towards a 5- function 5(e — e k ) 
for 77 — > 0. For interacting electrons this 5-function broadens on a width which is controlled by 
S"(k, e). This broadening reflects the fact that, for instance, a particle, e k > 0, can decay by the 
interaction into a particle plus several particle-hole pairs provided that momentum is conserved. 
The product of this decay will have an energy which is spread around the non-interacting value 
e k . Therefore S"(k, e) can be regarded as the decay rate of a particle with momentum k into an 
object with the same momentum but energy e. This interpretation can be justified by analyzing 
the structure of the self-energy diagrams which contribute to the imaginary part. Let us consider 
for instance the second-order diagram for the self-energy S(k,«e) drawn in Fig. 5.10, Neglecting 




k-kj+ p 1 ,ie-ie 1 + icOj 

Figure 5.10: Second-order diagram contributing to the imaginary part of the self-energy, 
the momentum dependence of the interaction, its expression is 

<SE(k,ie) = ~2U 2 ^ T2 E <K k o " k " Pi + k 

ko ki pi eiwi 
1 1 1 

iti - £ki iwi - e P i ie + i^i - i^i - e ko ' 

where the <5-function imposes the momentum conservation and the factor 2 comes from the loop 
spin summation. Let us first sum over ie±, which gives 



T£ . 1 — —. = /(e kl 

^— • IP1 — ei. re A- r.iiU — rei — ei. 



ei 



iei - e kl ie + iuj\ - ie\ - e ko ie + ioo\ - e kl - e ko 

1 

f(ie + iui - e ko ; 



ie + iuJx - e ko - e kl 
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(/(6 kl )-/(-6 k0 )) 



ie + iui - e ko - e kl ' 



where we used the fact the ie + iu>\ is a bosonic frequency. Notice that for T = this term is 
finite only if ki and ko are both particles or holes, namely if e k() e kl > 0. Now let us sum over 

rv. 1 . . 1 _/(„ • 

— ' 7Y,Ji — P_ )f -I- II, U — Fi_ — Pi_ 



MJi - e Pl ie + iui - e k() - e kl " v Pl ie + e Pl - e ko - e kl 

+ /(eko + £ k! - «e) : — 

e k() + e kl — ie — e pi 

(/(e pi ) + 6(ek +e kl )) 



ie + e Pl — e ko — e kl 
Here we used the fact that, since ie is fermionic, then 

/(e k0 + e kl - ie) = (e^ k o+^--) + l) = ( - e^K+^i) + l) = -6(e k() + e kl ). 

Since at T = 6(x) = — 9(— x) and /(x) = 9(— x), the sum over iu)\ vanishes if e Pl < and 
e ko + e kl < or if e Pl > and e ko + e kl > 0. Since e ko e kl > for the sum over ie\ to be finite, 
the only possibilities are: (1) e ko > 0, e kl > and e Pl < or (2) e ko < 0, e kl < but now 
e Pl > 0. 

Now we send ie — > e + i0 + with e > and just consider the imaginary part, namely 

1 1 ■ s t \ 

= -iird(e + e pi - e ko - e k J. 



ie + e pi - e k(J - e kl e + i0+ + e pi - e ko - e kl 
The (5-function implies that 

ek + £ ki - e Pl = e > 0, 

which is only compatible with the above possibility (1), i.e. e ko > 0, e kl > and e Pl < 0, thus 
leading to 

JmJS(k,e+iO+) = -2niU 2 ^ Yl 5(ko-k-pi+ki) <5(e+e Pl -e ko -e kl ) /(-e kl ) /(-e k() ) /(e Pl ). 

ko ki pi 

This expression coincides with the Fermi golden rule for the probability of a particle at mo- 
mentum k to decay into two particles and one hole with the same total momentum but energy 
e. 

More generally, the diagrams which contribute to the imaginary part of the self-energy can 
be represented as in Fig. 5.11, where a particle with momentum k and frequency ie decays by 
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Figure 5.11: Graphical representation of a self-energy diagram which contribute to the imaginary 
part. 

a matrix element drawn as a box into a particle plus a certain number, say m > 1, of particle- 
hole pairs, 2 which recombine through the other box into the original particle. Let us neglect 
for simplicity the momentum and frequency dependence of the boxes, and define as kj(ej) and 
i = 1, m, the momenta(frequencies) of the particles and holes, respectively, of the m 
particle-hole pairs, and as ko(eo) that of the additional particle. By momentum and frequency 
conservation 

k + ^2 ki - pi = k, e + ^2 e, - LOi = e„. 

i i 

As before, if we sum over all the 2m independent internal frequencies and finally send ie — * 
e + i0 + , with e > 0, we end up with expression for the imaginary part proportional to 

m 

EE^-E K - £ p,) - e ko) ^(k + £ (k, - Pi ) - k) /(-e k0 ) n /(- £k .) /( £p .). 

ko ki pi j j j=l 

Since > and e Pi < 0, the energy conservation implies that, for small e, all particles and 
holes should lye very close to the Fermi surface, on a strip of width at most 5k = c/vf, where vf 
is the Fermi velocity. Therefore the phase space available for the decay process grows at most 
like e 2m , since there are only 2m free summations over momentum, ko being fixed by momentum 
conservation. 

The final conclusion is therefore that, within perturbation theory, 

lim E"(k, e) = limXm S(k, e + in) = 0, (5.27) 



2 Two lines which propagate in opposite directions correspond to two Green's functions one at positive time 
and the other at negative time. Positive time means that first we create an electron and later we annihilate it, 
which denote a so-called particle excitation. On the contrary, negative time means that first we annihilate an 
electron and later we create it back, so-called hole excitation. 
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5.4 Other kinds of perturbations 



So far we have just constructed and analysed the perturbation expansion in terms of the electron- 
electron interaction. Let us consider now what changes for different types of perturbations. In 
particular we will just briefly mention two perturbations: a scalar potential and the coupling to 
bosonic modes. 



5.4.1 Scalar potential 

Let us suppose to have non-interacting electrons identified by a quantum label a, with non- 
interacting Green's functions 

Gi° 6 W;T)=^Gi°)(x,y;T), 
in the presence of the scalar potential 

V = J2 /dx* a (x)y(x) a6 * 6 (x). (5.28) 

ab 

The S'-matrix is now 



S(f3) 



= T T ^exv(^-J2 dr j dx* a (x,r) F(x) a6 * 6 (x,- 
= T r ^exp^-^ J dxV a {x) V(3 



(x) ab V b (x) 



where, as before, we have introduced the four-dimensional coordinate x = (x, r). Upon ex- 
panding S(P) up to first order and keeping only connected diagrams, one can readily obtain the 
Green's function expansion 

G ab (x, y) = 5 ab G£°) (x, y) + Y J f dz V(z) cd (T T (tf (z) ^ 6 (y) t V c (z)^ d (z) ) ) conn 

cd 

= 5 ab G a °\x,y) + j dzV(z) ab G d °\x,z)G { b 0) (z,y). (5.29) 

If we represent graphically the perturbation as in Fig. 5.12(a), then the Green's function (5.29) 
up to first order can be drawn as the first two diagrams in the right hand side of Fig. 5.12(b). 
Higher order terms can be simply obtained by inserting other potential lines, as the second order 
term in Fig. 5.12(b). All diagrams have a positive sign. The Dyson equation can be easily read 
out: 

G ab (x,y) = 5 ab G d d \x,y) + + Y^ I dzV(z) ac G a °\x, z) G cb (z,y), (5.30) 
and is drawn in Fig. 5.12(b). 
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Vab 
X 

8 > > b a h a 

(a) 



a ■ b a ■ c i b 



*- + ■ >• + 

(b) 



X 



a a I c b 
>+...= ^ + > > 



Figure 5.12: (a) Graphical representation of the scalar potential perturbation, (b) Perturbation 
expansion of the Green's function and Dyson equation. 

5.4.2 Coupling to bosonic modes 

P +< 1 , s P p+q d 

s(q) ' 



lg(q)l 2 D (0) (q) 



k+q 




k+q 



Figure 5.13: On the left: electron-phonon vertices at q and — q. The external dotted vertex line 
represents phonon coordinates. On the right: the effective electron-electron interaction after 
contracting phonons. 

Let us imagine now that our system of electrons is coupled to phonons described by the free 
Hamiltonian 



The coupling term is assumed to be 



v = J2 s(q)zqp(-q), 



(5.31) 
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where g(q)* = g(— q) is the coupling constant, the phonon coordinate is 




and 

a k 

is the density operator. This perturbation is actually more general and describes any kind of 
electron-boson coupling. 




<D ♦ 6 

Figure 5.14: First orders in the diagrammatic perturbation expansion of D(q). The exact D(q) 
is represented by a bold dashed line, while D^°\q) by a thiner dashed line. The solid lines are 
electron Green's functions. 

We can perform perturbation theory in (5.31) using the Wick theorem both for the electrons 
and for the bosons. The latter amounts to contract an x q with x_ q which leads to the free 
propagator (q, iQ n ) of Eq. (5.19). Therefore, if we represent the electron-phonon coupling 
as in Fig. 5.13, in which a dotted vertex line represents the phonon-coordinate, by contracting 
two vertices one recovers an effective electron-electron interaction, see also Fig. 5.13, which is 
mediated by the phonons and given by 

| 5 (q)| 2 J D(°)(q,z^) = -b(q)| 2 ^ 3 - T - (5-32) 
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This effective interaction is retarded, namely depends on the frequency, and attractive. More 
specifically, if we move on the real axis, then 



<7(q)| 2 I>( )(q,iw,-w) 




2 ' 



which is attractive if \uj\ < uj q and repulsive otherwise. The rules for constructing diagrams are 
therefore the same as for the electron-electron interaction, with the additional complication that 
interaction is frequency dependent. 

However, in this particular case one may also investigate the effects of the electron-phonon 
coupling to the phonon Green's function I?(q, The perturbation expansion is shown up to 
second order in Fig. 5.14. Two kinds of diagrams can be identified. The first class includes dia- 
grams which can be divided into two diagrams of the same expansion by cutting non-interacting 
(g)-line, like the first second order diagram shown in Fig. 5.14. These diagrams are re- 
ducible. The other class includes all other diagrams which are irreducible. If we define a 
self-energy |g(q)| 2 n(q, iuj n ) through these irreducible diagrams, shown up to second order in 
Fig. 5.15, we can easily derive the Dyson equation, also shown in the same figure, whose solution 



Figure 5.15: Upper panel: Phonon self-energy, represented by a filled circle, up to second order. 
Lower panel: Dyson equation for D(q). 



is 



D(q, iu n ) 



o (0) (q,^n) 



(5.33) 



l-| 5 (q)|2D(0)(q,iu; n )n(q,w n )" 




* 
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5.5 Two-particle Green's functions and correlation functions 

Let us consider back the Hamiltonian of interacting electrons, which we assumed to be 



H = Yj £k C ka C ka + £ U ^ C U C l+d/3 C k/3 C , 



p+qa • 



(5.34) 



kcr kpq af3 

The Heisenberg imaginary time evolution of an annihilation operator is 
5c k(T (r) 



dr 



[c k(T (r), #(-?-)] = e k c kCT (r) 

+ 17 E ^(q)cp+q«( T ) C pa( r ) C k+ q( T( r )- 



pqa 



Therefore the Green's function satisfies the equation of motion 

_d_ r 

dr 



(r) Mr)cl a ) + 9{-T) (c{ a c ka (r))_ 
= '(r)-CT T (*^i)> 

= 5(r) + ek G CT (k,r)-l^ ^(q)(?V (ct +qQ (r)c pQ (r) W (r) Ck(T ); 



pqo 



This equation can be written as 

(-^7 " ek) G a (k, r') = <5(r') - 1 £ C/(q) <T T (c P+qQ (r') c pQ (r') c k+q >') <£,)>. (5.35) 
^ ' pqa 

The non-interacting Green's function satisfies on the contrary 

(-^7-^k) G(°)(k,T') = <5(r'). 
If we multiply both sides of Eq. (5.35) by G^(k, r — r') and integrate over r', we obtain 
| dr'GW(k,T-T') (-^7"€k) G ff (k,r') = G(°»(k,r) 
" ^E^) /^ /G i O Hk,r-r0(r r (c P+qQ (r')c pQ (r0 Ck+qCT (r04 CT )), 



pqa 
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and upon integrating by part the left hand side, one obtains 
G ff (k,r) = G(°)(k,r) 

tf(<0 / ^'G(°)(k,r-r')(r T (c!, +qa (r')c pQ (r')c k+qCT (r')4 CT )X5.36) 

pqa 

Therefore the single-particle Green's function can be expressed in terms of a two-particle Green's 
function. Namely, let us define the two-particle Green's function 

(piTi,p 2 T 2 ;p3T3,P4T4) = -{% (c piai (ri)c p2CT2 (r 2 ) cJ, 3 os ( T 3)cJ, 4(T4 (t 4 )) ) , (5.37) 
where, by momentum conservation, 

Pi + P2 = P3 + P4, 

in terms of which 

G„(Kt) = G(°)(k,T) 

"^E ^ / ^GW(k,r-r / )^ <Ja ; Q(J (k + qr / ,pT';p + qr / ,kO).(5.38) 

pqa 

5.5.1 Diagrammatic representation of the two-particle Green's function 

Let us write formally 

(PlTl,P2T 2 ;P3T3,P4T4) = fi(Ti a 4, fi<?2 0"3 ^Pl P4 ^P2 P3 Gai (Pi, Tl - T±)G a2 (p 2 , T 2 - T 3 ) 

+ 5 CTlCT3 <5 (T2C74 (5p 1 p3(5p 2 p 4 G CTl (pi,ri - T 3 )G a , 2 (p 2 ,T 2 - r 4 ) 
+ / [Jdr t 'G CT1 (pi,ri -r()G CT2 (pi,r 2 -r 2 )G (J 3(p3,r3-T3)G (J4 (p4,r^-r4) 

i=l 

r <TiT2;a 3 <7 4 (Pi r ii P2T 2 ; p 3 T3, P474), (5.39) 

which is represented graphically to Fig. 5.16. We notice that, in the absence of interaction, only 
the first two terms survive with the Green's functions being the non-interacting ones. If we 
start doing perturbation theory, which has the same rules as before, we will (1) dress the non- 
interacting Green's functions, which explains the first two terms; (2) couple them by interaction 
lines, which justify the last contribution and provides the definition of the interaction vertex T, 
which in lowest order perturbation theory is shown in Fig. 5.17. 

In conclusion the equation (5.38) of the single particle Green's function in terms of the two- 
particle one can be expressed as function of the single particle Green's function itself and the 
interaction vertex as shown in Fig. 5.18. Notice that the interaction vertex acts as the bare 
interaction, so it carries a (-1) sign. Since there is a loop in the third diagram of Fig. 5.18, the 
overall sign is plus. This result also provides an expression for the single-particle self-energy, as 
shown in Fig. 5.19. 
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r(l,2;3,4) 

Figure 5.16: Graphical representation of the two-particle Green's function. 



p+q 





h+q 



+ 



p+k-h k+q 



Figure 5.17: Lowest order expansion of the interaction vertex, p, k, p + q and k + q label both 
momenta and frequencies. 



5.5.2 Correlation functions 

We already showed that the average value of the imaginary-time ordered product of two bosonic- 
like operators can provide, after analytic continuation on the real axis, the linear response 
functions. Let us then consider two single-particle density operators: 



^(q) = A k,k+q;a/3 ° 

ka/3 



ka C k+q/3' "^(l) ~ ^ A k,k+q;«/3 c k:« C k+q/3 • 



ka/3 
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Figure 5.19: Single-particle self-energy in terms of the interaction vertex T. 

Their Green's function, usually called correlation function, is (we use the notation Gab = XAB 
since we know that the two coincide on the frequency real axis): 3 

XAB(q,r) = -y( T r (4(q,r)£(-q))) = -- ^ ^ *£k+q;<tf A P+q, P ;7<S 

ka/3 P7<5 

( T r ( C L( T ) C k+q/3( T ) C i+q7 C p5)) 

= ^EE A k,k+q;a/3 A p+q,p; 7 <5 ^/35 ;7 a (k + qr,pO;p + qO,kr) 
ka/3 P7<5 

= -^(E A ktoG a (k,0-)J (]T A^ +q;77 G 7 (p,0-)) 

Vka / \P7 / 

+ y E A k,k+q;a 7 A k+q,k;7a G a (k + q, t) G* 7 (k, — r) 
k «7 

3 In the equation the Green's functions at equal times have to be interpreted as the limit of t — -> 0~, since in 
the definition of A and B creation operators are on the left of the annihilation ones. 
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+ y Yl A k,k+q;a 7 Ak+q,k; 7 a J ]J dTi + ^ T ~ T l)G 5 (p, - T 2 ) 

k«7 j=l 

G 7 (p + q, r 3 - 0)G Q (k, r 4 - r) r /35;7a (k + qr -Ti,p - r 2 ;p + qT 3 ,kT 4 - r) 
= -I<A(q))<B(-q)> 

+ y X/ A k,k+q;a 7 A k+q,k;7a G a (k + q, t) G 7 (k, — r) 
k 07 

1 /■ 4 

+ y Z A k,k+q;a7 A k+q,k;7 a / II ^ + q ' T ~ T l) G ^P' ~ T ^ 

k«7 i=l 

G 7 (p + q,T 3 - 0)G a (k,r 4 - r) r /35;7a (k + qr - n,p - T 2 ;p + qT 3 ,kr 4 - r). 

The disconnected term (yl(q)) (B(—q)) vanishes for q ^ 0. In general it can be moved on 
the left hand side, in which case the correlation function is the average of the time-ordered 
product minus the product of the averages. With this definition, the correlation function has 
the graphical representation shown in Fig. 5.20. In the figure, the triangular vertices represent 




Figure 5.20: Graphical representation of the correlation function xab(q), where q includes both 
momentum q and a bosonic frequency iio\. 

the matrix elements A^j^i q . and the loops imply as usual summation over the spin-indices. 
Perturbation theory has the same rules as before with the only exception that the loop phase- 
factor is now (-1) L_1 due to the minus sign in the definition of %. If we Fourier transform also 
in imaginary time, the correlation function 

XAu(q, i^i), 

depends on the transferred momentum, q, and frequency, i<jj\. Since the operators are bosonic- 
like, i<jj\ is a bosonic Matsubara frequency. By time-translation invariance, the frequency is 
conserved at any vertex, as usual, and the interaction vertex becomes consequently 

r/35 ;7 a(k + qie n + iui,pie m ; p + qie m + iuj h kie n ), (5.40) 

as shown in Fig. 5.21. 
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k+q, ie n +icoi p a k, ie n 





r 








p+q, ie m + i co i 



8 y 

Figure 5.21: Graphical representation of the interaction vertex of Eq. (5.40). 
Non- interacting values 

In the absence of interaction only the first term in Fig. 5.20 survives with the Green's function 
lines being the non-interacting ones. Since there is a loop, according to what we said before, the 
sign is (— 1) 1 = (— 1) 1_1 = 1 hence 

xf B (cL,i^i) = yY, T Y,Y, A k,k+q ;a7 A k+ q ,k; 7Q (k + q, ie n + iui) G<® (k, ie n ) 

k n a 7 

= ^ ? T ? 5 A "' k+q;Q7 A " +q ' k;7 ° + ^ " ^ ii^' (5 ' 41) 

By means of Eq. (5.8) we can easily perform the sum over frequencies in Eq. (5.41), which 
gives 

T Y] -■ — — — = /(ek+q - iwj) + /(ek) " " : 

ie n + «cj; - e k+q ie n - e k e k+q - iu t - e k zu;; - e k+q + £k 

_ /(ek) ~ /(ek+q) 
^ - e k+q + e k ' 

where we used the fact that, if iuoi is bosonic, then f(e±iivi) = /(e). The final result is therefore 



(o) / ■ \ 1 x a \B /(ek) - /(ek+q) , K 

X ^(q, KJj) = - 2^ 2^ A k,k+q;a 7 A k +q,k; 7 a ~ ~ ~ ~ ■ (5-42) 

k a 7 ' k+q k 

The linear response function is simply obtained by iuj[ —^ui + irj. 



5.6 Coulomb interaction and proper and improper response func- 
tions 

Let us consider the case in which the electron-electron interaction is just the Coulomb repulsion 

/ x 47re 2 
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which is singular for q — > 0. In order to cure this singularity, it is convenient to recast per- 
turbation theory in a different manner, which naturally brings to identify proper and improper 
response functions. In Fig. 5.22 we draw the diagrammatic expansion of the density-density 
correlation function x(q>^n), which is also the improper response function, up to first order. 
We can distinguish already two kinds of diagrams: those which can be cut into two by cutting 

x<q >= o + CD + © + Q + C>^3 + • • 

Figure 5.22: Diagrammatic expansion of the density-density correlation function up to first 
order. 

an interaction line, as the last diagram, and those which can not, all the others, which we call 
irreducible with respect to the interaction. Let us define as x(q, iw n ) the sum of all irreducible 
diagrams, in the above sense, whose first order corrections are drawn in Fig. 5.23. We can 
formally define x(q, ioo n ) as 

X(q,iuj n ) = 2T^2 G(\t + q,ie m + iw n )G(\t,ie m )A(\t + qie m +iu n , kie m ;qiw n ), (5.43) 

m k 

by introducing the proper density-vertex function A(k, ie m ; q, iuj n ), also shown in the same 
figure, so to distinguish between Green's function corrections and vertex corrections. Notice 
that without interaction the density-vertex function is the identity matrix in spin space. 

In terms of x(q, iu; n ) the perturbation expansion of x(q, ico n ) can be recast as in the lower 
panel of Fig. 5.23, which has the formal solution 4 

X (q,^ n ) = , (5.44) 

<r 

proving that %(q, iw n ) is actually the proper response function. 



5.6.1 Screened interaction and corresponding Dyson equation 

The proper density-density correlation function allows us to define a screened Coulomb interac- 
tion and a dielectric constant through 

47re 2 47re 2 1 

W(q, iu n ) = -=— ; — : — - = —= — g . ( 5 - 45 ) 

q 2 e(q, iu> n ) q 2 Ave 2 . 

q 2 
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A(k+q,k;q ) 



k+q 



k 




+ . . . 



x(q) 




Figure 5.23: Upper panel: The proper x(l) up to first order. Middle panel: The proper density- 
vertex function up to first order. Lower panel: Perturbation expansion of the improper i^n) 
in terms of the proper %((/). 



Figure 5.24: Upper panel: Screened Coulomb interaction W . Lower panel: Interaction vertex 
in terms of the screened interaction and the proper vertex. 

which is drawn as a bold wavy line in Fig. 5.24. The interaction vertex V which we previously 
introduced can be also expressed in terms of the screened Coulomb interaction and the proper 
density- vertex, as also shown in Fig. 5.24. Using this definition for the interaction vertex in the 
expression of the self-energy, see Fig. 5.19, one finds the alternative definition of the self-energy 
which is drawn in Fig. 5.25 



4 Notice both the interaction and xilyi^n), which is a loop, bring a minus sign, hence the sign is plus. 
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Figure 5.25: Self energy in terms of the screened W and the proper density- vertex. 

5.7 Irreducible vertices and the Bethe-Salpeter equations 

Let us consider again the interaction vertex (5.40). Let us for instance focus on the upper or the 
lower incoming and outgoing lines which differ by the momentum/frequency transfer q. This 
identifies the particle-hole channel at momentum/frequency transfer q. By this definition, we 
can distinguish two classes of diagrams in the perturbation expansion. The first includes those 
diagrams which can be divided in two by cutting two fermionic lines within the same particle- 
hole channel at momentum/frequency q. These type of diagrams are called reducible in the 
particle-hole channel. For instance the third diagram in Fig. 5.17 belongs to this class. The 
other class includes all other diagrams which are called irreducible, as the fourth diagram in 
Fig. 5.17. Let us denote the sum of all irreducible diagrams as 

. 7Q (k + q ie n + iui , p ie m ; p + q ie m + iusi , k ie n ). (5.46) 

In terms of T° the perturbation expansion of T can be formally written as 

r Q /3; 7 5(k + qie n + iui,pie m ;p + qie m + iuj h kie n ) 
= r °/3 ;7 5( k + q* £ n + iui,pie m ;p + qie m + iuii,kie n ) 

+ y ^2 T ^Z^2 r °/^<5( k + q* e n + iu>i,hie h ;h + qie h + iuji,kie n ) G u {h + q,ie h + 

h h liv 

G^ieu) T^.^h + <iie h + iuj h pie m ; p + qie m + iw h h.ie h ), (5.47) 

which is graphically shown in Fig. 5.26. This is the so-called Bathe-Salpeter equation which 
relates the fully reducible interaction vertex V with its irreducible part F° in the particle-hole 
channel. Actually, we can proceed in a different way. Namely, instead of selecting the particle- 
hole channel at momentum transfer q, we can select the two incoming lines, particle-particle 
channel, which have total momentum/frequency P = k + p + q. P is also conserved in the 
scattering process represented by the interaction vertex. Then we can introduce the concept of 
reducibility/irreducibility in the particle-particle channel at total momentum/frequency P and 
identify the irreducible vertex in that channel. Eventually we end up to another Bethe-Salpeter 
equation, which is shown in Fig. 5.27. In this figure we have denoted the irreducible vertex in 
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Figure 5.26: Bethe-Salpeter equation for the interaction vertex in the particle-hole channel. 



P-k P-p P-k p-n P-k 

+ 
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/ \ / \ / 

k P k P k 



h *p 

Figure 5.27: Bethe-Salpeter equation for the interaction vertex in the particle-particle channel, 
the particle-particle channel as Tp p to distinguish it from T°. 



5.7.1 Bethe-Salpeter equation for the vertex functions 

Let us now introduce the vertex function for a density operator ^4(q), which is a particle-hole 
operator, through 

r 2 

<^r(c ka (ri)cj c+q/J (r 2 )>4(q J T)))= / ]J dr[ G a (k, n - t[) GpQt + q, t' 2 - r 2 ) 

i=l 

A^(kr{, k + qr 2 ; q, r). (5.48) 

In the absence of interaction, one readily realizes that 

A^(kr[ , k + qr^; q , r) = 8(r{ - r) 5{r' 2 - r) A^ k+q;a/3 . 

In the presence of interaction the formal expression of A (in what follows we drop the label 
^4) in terms of A and the interaction vertex can be readily inferred from the expression of the 
correlation function, and it is graphically shown in Fig. 5.28. 
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Figure 5.28: Bethe-Salpeter equation for the particle-hole vertex function A. 

In Fourier space it reads: 

A a/3 (kie n , k + qie„ + iu>i ; q , iufi = A k)k+q;af/3 

+ y ^2 T ^2^Z r °7;<5/3( kie ™ ' P + ^ iem ; pie m , k + qie n + iwj) 

p m -yS 

G 7 (p + q,ie m + iui) G s (p,ie m ) A Sj (pie m , p + qie m + ^; q, iwj) (5.49) 
= A k>k+q;a/3 + — ^2 r a7;5/3(kie n , p + qie m + iuj t ; pie m , k + qie n + zw;) 

p m yS 

G 7 (p + q, ie m + iwj) G 5 (p, ze m ) A PiP+q; 5 7 . (5.50) 

Notice that, in the case of a Coulomb repulsion, the above vertex function for the density 
operator, i.e. A k 1 k+q . Q ,^ = 5 a p, has not to be confused with the proper density- vertex shown 
in Fig. 5.23. The latter is in fact irreducible with respect to cutting an interaction line, while 
the former is not. One can easily show that A satsifies the Bethe-Salpeter equation graphically 
shown in Fig. 5.29. 




Figure 5.29: Bethe-Salpeter equation for the proper density-vertex function A. 
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5.8 The Ward identities 



Let us suppose that our model has a set of conserved quantities, and let us select one of them, 
whose density operator we define as 

■MO) = Y Y A k,k+q;a6 W (5.51) 

k ab 

where to be as general as possible we assume that the roman indices which identify the fermionic 
operators include both spin as well as other internal labels, like e.g. the band index. We will 
further assume that the single-particle Green's function are generally non-diagonal in these in- 
dices. We can associate to the density operator (5.51) a current density operator J = (Ji, J 2 , J3) 
given by 

J ( q ) = Y Y °la A k,k+q;a6 C k+qfc , (5.52) 
k ab 

such that the continuity equation in imaginary time is satisfied: 

d 

— J (q,r) + q- J(q,r) = 0. 

If we consider Jo and J as the time and space components of a four dimensional current, 
(Jo, Ji, J2, J3), we can introduce for each component a vertex function through 

(^(c ko (r 1 )4 +q6 (r 2 )J i (q,r))). 

Let us take the time derivative with respect to r of the zeroth component. The derivative acts 
either directly on the charge density operator or on the ^-functions which define the time-ordered 
product. The latter is, dropping for simplicity all indices, 

[d T 9(ri - t 2 )6{t 2 - t)] (c (n) C t(r 2 ) J (t)> 
+ [d T 6{n - t)9(t - r 2 )] (c (n) J (r) ct(r 2 )) 
+ [d T 9(T - ri)0(n - r 2 )] (J (r) c (n) c\r 2 )) 

- [d T 0(T 2 - nMn - r)] ( C t(r 2 ) c (n) J (r)) 

- [d T e(r 2 - t)6(t - n)] (ct(r 2 ) J (r) c (n)) 

- [d T 0(r - t 2 )6(t 2 - n)\ (J (r) c\t 2 ) c (n)) 
= -0(n - r 2 )5(r 2 - r) (c (n) C t(r 2 ) J (r)) 

+ [-*(n - r)»(r - r 2 ) + 0(n - t)<5(t - r 2 )] (c (n) J (r) c\t 2 )) 
+5{t - ri)e(n - r 2 ) (J (r) c (n) c 1 "^)) 
+#(r 2 - ri)<5(n - r) (c f (r 2 ) c (n) J (r)) 

- [S{t 2 - t)6(t - n) + 6(t 2 - t)8(t - n)] ( C t(r 2 ) J (r) c (n)) 
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S(t - t 2 )9(t 2 - n) ( J (r) ct(r 2 ) c (n)> 
= 5{t-t 2 )(T t (c (n) [j (r),ct(r)])) 

+<5(r-r 1 )(T T ([j (r),c (r)] C t(r 2 ))). 

It can be readily shown that 

[ c p c A p,p+q;«2 c p+qo! ' c k+q6 

P cd 

5Z [ c r> c A p>p+q;cd c p+qd ' c ka 



— kc A k,k+q;cb 

c 

~~ X/ A k,k+q;ad C k+qd' 



p cd 

so that the above time-derivative becomes 



<9J (q, r) 



]T «(r - Ta) (T T (^(n) i(r) A kik+q;cfe )> 

c 

~ T l) ^ ( A k,k+q;adC k+qd (r)4 +q6 (T 2 ))) 

d 

= - ^2 S(r - t 2 ) G ac (k, n - r) A kk+q;c6 

c 

+ <*(r - n) A kjk+q;ad G d6 (k + q, r - r 2 ). 

In conclusion we find, making use of the continuity equation, 
d f 

frPr (c ka ( Tl ) cl +(lb (T 2 ) J (q,T))> = (T T ^(71)4^(75) 

- H 5 ( T ~ T2 ) G ^(k, 7i - r) A kk+q;c6 

c 

+ £ 5 ( T ~ T l) A k,k+q;ad G d b(^ + q, T - T 2 ) 

= -( t t ( c ka( T i) c k+q6( T 2)q- J(q,T))) 

-E^ T ~ T2 ) Gac ^' Tl ~ T ) A k,k+q; C 6 

c 

+ H ^ T ~ A k,k+q;ad ^(k + q, T - T 2 ). 

d 

Upon introducing the vertex functions for the charge and current densities, A and A, re- 
spectively, and Fourier transforming in frequency we find 

^2 Gac(k, itn) G db (k + q, ie n + 

cd 
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( - iuji A° d (kie„ , k + qie n + iur, qiui) + q • A cd (kie n , k + qze n + iwi ; qiw;) 

= - Gac ( k ' A k,k+q;c6 + X] A k,k+q;ad ^(k + q, l€ n + iw,). (5.53) 

c <2 

By means of the Bethe-Salpeter equation for the vertex functions (5.49) we can rewrite this 
equation as 

^2 G ac (k, ie n ) G db (k + q, ie n + iuj t ) 

cd 

( - iu)i K° cd (kie n , k + qie n + iui ; qiuji) + q- A cd (kie n , \t + qie n + iui ; q«W|)j 
= ^2 Gac ( k ' ie «) G db(k + q, ie n + iufi ( - iu>i A kk+q;cd + q • A kjk+q;C(i ) 

cd 

+ tjY T Y1 Y G ac (k,ie n )G db (k + d, ie n + iuji) 



P m cdefgh 

T 1e-jd{^ ie n, P + q^m + ^5 P ^m, k + qk„ + iwj) 
G/ 9 (p, ie m ) G fee (p + q, ie m + iwj) 

( - iw; A° h (pie m , p + qie m + iwj ; qiui) + q • A gh (pie m , p + qze m + iuji ; qit^)) 



= ^ G ac (k, ze n ) G rf6 (k + q, ie n + iwj) ( - iuj[ A kjk+q;C(i + q • A kjk+q;cd ) 

cd 

+ tjY T Y1 Yl G ac (k,ie n )G db (k + 



P m cdef 

^0 

ce;fd 



F° fd (kie n ,p + qie m + iuji;pie m ,k + qie n + iuji) 



( _ 2 G fa(P> {t ra) Ap,p+q ;9e + ^ A P,P+q;/^ G ^(P + <*> Um + ^)) ' 

9 h 

If we multiply both sides by the matrix product G _1 (k, ie n ) G _1 (k + q, ie n + iuJi) 5 , we get 
iuji K ab (kie n , k + qze n + ^; qiui) + q- A ab (kie n , k + qie n + ia;/; qm>j)) 

= i^-lLOl A kk+q . a6 + q • A k ,k+q;afc) 

+ ^Yj T Yj Yj T ae;fb( kie n,P + q.itm + IVf, p l€ m ,k + C{ie n + lurf 
P m e f 



3 The Green's function G a t can be interpreted as the ab component of a matrix G 
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( - Y G /s(P' ie ™) A P,P+q; 9 e + Y A P, P +q;/fe G ^(p + q, ie m + iwj)) 

9 h 

= ~ Y A k,k+q;ad G d6 1 ( k + <*> i£ ™ + ""O + E G re( k > * e n) A k,k+q; C b- 
d c 

We notice that the non-interacting Green's functions satisfy the same equation with T° = 0, 
namely 

( - *wj A kjk+q;a6 + q • A k , k+q;afe ) = - ^ A kjk+q;a(i (g (0) ) ^ (k + q, ie n + iw,) 

,k+q;c6> 



c 



so that we can write 

Y r° e;/fe (kie n ,p + qie m + i^;pie m ,k + qie n + i^) 

p me/ 

( _ S G /f( P ' * em ) A P,P+q;9e + E A P,P+q;//» G ^(P + q, »Cm + 

= " £ A^+q^^G^Ck + q, *e n + iwj) - (G {0) ) J (k + q, ie n + iw,)) 
+ £ (G-^k.ien) - (g(°))^ (k,k n )) A kjk+q;cb . 

c 

By definition 

6- 1 - (o^y 1 = -£, 

where £ is the self-energy matrix, so that 

Y A k,k+ q; ac s cb(k + q, ie n + iwj) - £ ac (k, ie n ) A k k+q;cb 

c 

= yY T Y Y T ac-4b(kie n ,P + qie m + iui-,pie m ,\t + qie n + iui) 

P m cd 

Y ( - G rfe (p, ze m ) A pp+q;ec + A PjP+q;de G ec (p + q, ie m + iw,)) . (5.54) 
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This is the so-called Ward identity which is a consequence of conservation laws. There are other 
two equivalent ways to rewrite this identity. Indeed, through (5.53), we can also write 

YZ A k,k+q;ac S cb(k + q, ie n + - S ac (k, ie n ) A^ 

c 

= ^Y Y F° ac .d b (kie n ,p + qie m + iur,pie m ,k + qie„ + iui) 

P rn cd 

G de (p, itm) Gf c (p + q, ie m + iwj) (5.55) 
( - iuJi A° ef (p ie rn , p + q ie m + iw ; ; q iui ) + q • A e/ (p ie m , p + q ie m + ; q iui . 

Futhermore, using the fully reducible vertex T instead of T , see Eq. (5.50), we also find 

yZ A k,k+q;ac S cb(k + q, ie n + lidi) - S ac (k, ie n ) Ak jk+q;cb 

c 

= yY T Y Y r ac ; d6(kie n ,p + qie m + i^;pie m ,k + qie n + ^) 

p m cd 

Gde(p, itm) Gf c (p + q, ie m + ^ — iivi A p p+q;e j + q • A PiP+q;e j 

)• ( 5 - 56 ) 

5.9 Consistent approximation schemes 

Since it is usually impossible to sum up all orders in perturbation theory, one is forced to 
make some approximation on the self-energy. In doing that, one would like not to spoil any 
conservation law. In this section we show what is the proper way to define an approximation 
scheme which is consistent with the conservation laws. 

In general we can recast the perturbation expansion for the self-energy in terms of the fully 
interacting Green's functions instead of the non-interacting ones. This kind of expansion is called 
skeleton expansion, the diagrams up to second order being drawn in Fig. 5.30. This allows us 




Figure 5.30: Skeleton expansion for the self-energy up to second order in the interaction, 
to assume formally that the self-energy is a functional of the Green's function S[G]. Let us 
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calculate the functional derivative of £ with respect to G. Let us imagine to do it graphically, 
as shown in Fig. 5.31. Namely, we take out of the rounded box, which represents the whole 




Figure 5.31: Graphical representation of ST,/5G. 

skeleton expansion of S, a Green's function G and we vary it, 5G. Therefore 6J2/SG is a four 
leg vertex. What can it be? One easily realizes that, since the functional derivative is done with 
respect to the fully interacting Green's function, this four leg vertex is just the irreducible T° in 
the particle-hole channel. Therefore 



^ab(P,P 



SG, 



,k + q) 



F°ac:db(P,k + q;k,p + q). 



(5.57) 



We further notice that 



5G dc (k, k + q) = -J2 G de (k) [5 [Gfj(k, k + 

ef 



5T lef (k,k + q) G fc (k + q), 



which inserted into (5.57) and solving for <5£ leads to 

6'E ab {p,p + q) = J dkT ac . db (p,k + q;k,p + q)5G dc (k,k + q) 



(5.58) 



J dkT ac . db (p,k + q;k,p + q) G de (k) 6G® (k,k + q)' 1 G fc (k + q), 



ef 

where we used the Bethe-Salpeter equation for T versus T°. 

We notice that (5.57) is perfectly consistent with the Ward identity (5.54). Since the Ward 
identities are consequence of conservation laws, we get to the following conclusion: 

If the self-energy is approximated with a functional S appx [G], this approximation is 
consistent with the conservation laws if the irreducible vertex is also approximated 
by 

-pO _ ^appx[G] 



appx 



5G 
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Finally we notice that, given an approximate T, appx [G], then the actual Green's function is 
obtained by solving the self-consistency equation: 

G -i = (G^y 1 -X appx [G}. (5.59) 

5.9.1 Example: the Hartree-Fock approximation 

Let us consider the interacting Hamiltonian 

H = Yl tab C " C b + Uacdb C " C c C d C f 

ab abed 

Let us approximate the skeleton expansion of the self-energy with the two first-order diagrams, 
as shown in Fig. 5.32. This amounts to the following expression of the self-energy 




Figure 5.32: Skeleton expansion in the Hartree-Fock approximation. 
Z ab (ie n ) = T Yl U acdbe~ iem0 ~ G dc {ie m ) -T^Y, U ^ bd e "" m °" Gd ^rn). (5.60) 

m cd m cd 

We notice that 

TJ2 e ~" m(r G dc (ie m ) = G dc {r = 0") = (4 c d ) = A cd . 

m 

The Green's function satisfies the self-consistency equation (5.59), which in this case reads 

( G l )ab = ~~ tab ~ ^ ab = i€n ~ tab ~'Y ^ cd (Uacdb - Uacbd) , 

cd 

which is diagonalized by diagonalizing 

tab + Yj ^ cd (^aedb - Uacbd) = {H HF ) ah , 
cd 

which is nothing but the Hartree-Fock Hamiltonian. Namely, the self-consistency requirement 
(5.59) is just the Hartree-Fock self-consistency equation. 
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In order to have a consistent scheme, we need to approximate T as 



^acdb ~ jry-i ~~ U ac db U ac M- 



One can readily show that the correlation functions calculated with the above T° coincide with 
the time-dependent Hartree-Fock, which is therefore a consistent approximation. 
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5.10 Some additional properties and useful results 

In this final section we derive some properties that may be useful in several contexts. 



5.10.1 The occupation number and the Luttinger-Ward functional 

By the definition of the single-particle Green's function in momentum space, one can derive the 
average values 

Akab = (cl b C ka ), 

where the labels a and b include spin and additional internal indices, through 

A k = G(k,r = 0-) = TY J G(k,ie n )e- ie "°~ 

n 



c 



ie n - e k - S(k,ze„) 

where A k , e k and S(k, ie n ) are matrices in the o-space. We define eo = irT such that, for 
T — > 0, eo — > 0, which allows to formally introduce the derivative with respect to the Matsubara 
frequencies. One finds that 



G(k,ie n ) = 



1 



itn - Ck - S(k,ie r 



lnG 1 (k, ie n + ie ) - In G ^k,^) - . S(k, ie n + ze ) - S(k, ie n ) 
dlnG _1 (k,ie„) - <9S(k,ie„) 



hence 



Ak = T ^ ^ln(?£(k,^) + 6(k> ) e -^o- (561) 

n n n 

Let us concentrate on the second term in (5.61). By the definition of the derivatives it follows 
that 

n n n n 

The interacting Hamiltonian allows for several conserved quantities. Let us write a generic one 
of them like 

k ab 
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It turns out that the average value of M. is given by 



(M) = "He, 



where 



m k = Tr(M(k)A k ) = t£ 



Tr M (k) 



91nG- 1 (k,ie n )' 



-Tr(M(k) gg^l s(k,i £n )] e--°- 



We draw in Fig. 5.33 the first orders in the skeleton expansion of the functional of the fully- 
interacting Green's function X[G], introduced originally by Luttinger and Ward. It is obtained 
from the skeleton expansion of the self-energy by connecting the external vertices with a fully- 
interacting Green's function and dividing each term by l/2n, where 2n is the number of Green's 
functions, n being the number of interaction lines. 6 By its definition, one can readily verify 




X[G] = 1/2 d + 1/2 



+ 1/4 




+ 1/4 




+ .... 



Figure 5.33: Graphical representation of the functional X{G]. 
that X[G] satisfies 

5X[G(k)} =TY, Ti(t(k,ie n )5G(k,ie n )), (5.62) 

n 

namely the self-energy is the functional derivative of X. One can readily show that, for any 



3 The self-energy itself is a functional of G, which guarantees that X is a well defined functional. 
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conserved quantity, the following result holds: 7 

dG(k,ie n ) 



<DT[G(k)]=T^Tr 



E(k, ie n )M(k) 



die 



5ie = 0. (5.63) 



7 To prove Eq. (5.63), let us assume to rotate the basis into the one in which the hermitean matrix M(k) is 
diagonal, with eigenvalues m a (k). The fermion operators in the new basis are accordingly c ka and c£ a , hence the 
conserved operator becomes 

m = ^2 m «( k ) c L c kQ . 

ku 

The fully interacting Green's function must be diagonal in a for M to commute with the Hamiltonian 

o= [h,m\ = [h ,m\ + [n int ,M\. 

Note that, because the first commutator is a one-body operator while the second a two-body one, it follows that 

\h ,m]=Q, \H int ,M\=Q. 

Now suppose that, within the perturbative calculation of the Luttinger-Ward functional X, which just amounts 
to calculate the average value of products of Hintij) in the interaction representation at different times, each 
interaction vertex 

W» t (r)=e H ° r %„ t e- H » T , 

is transformed into 

Hi n t (t) = e lE ° Mt e n ° T H m t e - n ° T e~ ie ° Mt , 
where e = %T. Since Hint and Ho commute separately with M, it follows that H' int (j) = Hint(j)\ indeed 

H' mt {r) = e leoMT e naT H mt e' naT e~ ltaMT 
= e H ° T e lta Mt Hi„t e~ l£ ° Mt e _?< ° T 
= e noT H in te- noT =H int (r). 

Therefore the Luttinger-Ward functional X is invariant to this transformation. On the other hand, instead 
of transforming the interaction as a whole, I can also transform each fermionic operator inside the interaction 
separately, that implies, in the Heisenberg representation, 

c ka (r) = e ^ CkQ e-^-e^^c kQ (r)e-^^ 



= e 



-1€Q TTIq, (k) 



T c ka (r), 



and accordingly that the Green's function changes into 

G«(k, T - T # ) - e -^om a ( k )(r-r') T _ ^ 

namely 

G a (k, ie„) — > G a (k,ie„ + ie m a (k)) . 
Since the final result must not change, we get to the conclusion that 

5X[G] = X[G a {k,ie n + ie m a (k))]-X[G a (k,ie n )} 

= r EE MM^Wk) dG °^ ien) Sie = 0. 

n ck 

After back-rotation in the original basis, we recover Eq. (5.63). 
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As a result we obtain that 



m k 



= T ^ Tr M(k) mn ^, (k '^ } e-*»°- . (5.64) 

V n / 



We already showed that the Green's function, hence also its logarithm, has generally branch 
cuts on the real axis. By means of (5.9) we then find 8 



m ( \ rn ^ 91nG- 1 (k,ie n )\ 
m k = Tj>(M(k) ^Ll—L) e" 



= "/ ^/(e)^ArgTr^M(k) lnG^k, e + i0 + )^ (5.65) 

= -J ^^Mj mT r(M(k) lnG(k,e + iO + )). (5.66) 
We emphasize that this result holds only for conserved quantities. 
5.10.2 The thermodynamic potential 

A simple way to determine the thermodynamic potential is by means of the Hellmann-Feynman 
theorem, according to which, if the Hamiltonian depends on some parameter A, i.e. TC = TC(X), 
then the derivative of the thermodynamic potential Q(X) with respect to A is 

^T = ( ^a- )a ' (5 - 67) 

where (• • • )a means quantum and thermal average with the Hamiltonian at finite A. Let us 
consider for simplicity the case of interacting electrons, the cases of bosons or electrons plus 
bosons being a straightforward generalization. The Hamiltonian is the free electron Hamiltonian 



Wo — ^2 £k 



C Lr C k(T' 



kcr 

plus the electron-electron interaction 

Mint = ^2 ^2 U(q) c^ +qQ , c^p c p+q/3 c ka . 

kpq a/3 

Let us consider now a A-dependent Hamiltonian 



The exponential factor in (5.64) guarantees that the contour integral is well behaved at IZez — > — oo, while 
when 1Ze z — > +oo is the Fermi distribution function which does the job. 
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then, through the Hellmann-Feynman theorem, it holds that 



~dX~ 



, CfHint . 
1 1 

A 2V 



E E XU ^ < C k+qa C p/3 C p+q/3 C ka )a- 



kpq a/3 



One might in principle calculate directly this average value by using the fluctuation-dissipation 
theorem that allows to relate the average value of a four fermion operator with the sum over 
frequency of the imaginary part of appropriate correlation functions, that can be accessed pertur- 
batively. Alternatively, by means of the equation of motion of the Green's function, Eq. (5.35), 
we can write 



^EE AC %) < C k+qa i P W C k a) A = \ T £ E [ ^ " «*) G Q (k, ie n ) - 1 



kpq a/3 



n ka 



£„0+ 



T E E (g^OM^)) 1 [G a (k,ze n )-Gi°)(k,ze n ; 



n k 

having made use of the fact that 



Je n 0+ 



lim 6(t) = lim T V e ie " T =TV. 

n n 



Therefore we finally obtain that 

dn(X) _ 
2A ■ 

n ka 



OX 



G Q (k, ie n ) - G^ 0) (k, ie n ) 



o+ 



^EE S a (k,ie n )G a (k,ie n )e* 



(5.68) 



ra ka 



where the interacting Green's function and self-energy are calculated at finite A, and we used 
the Dyson equation. Since for A = 0, the thermodynamic potential is that one of free electrons, 
Slo; that is known, we can evaluate the interacting potential Q = f2(A = 1) by 



n = n + J 1 dx j E E ( G(0) ( k ' ie ^) 1 [ G ( k ' ~ G(0) ( k ' 



IX r 



n k 



,0+ 



Now, let us define a functional X[H] through 

x [s] = -tE E ln i 1 - G * ] ( k ' S -( k ' ie ^) 

+ T, a (k,ie n ) G CT (k, ze n ) 



n ko- L 



e""° +X[G[S]], 
(5.69) 
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where X is the Luttinger-Ward function, see Fig. 5.33, assuming now that G is functional of 
£ (we have explicitly indicated the spin label, eventhough each term is spin-independent). By- 
means of (5.62) we find that 

sx sg sx 

— G — zj — — h 



G^ ] Q _ s ^G + <Df SG a 



1 - Gf £ <5S ct 5G ct 5£ a 

^ -G-£^ + £.^ 



£ ^ <5£ CT 

G. 



" (cgO)" 1 - 

The last expression is nothing but the Dyson equation. This means that X is stationary 

SX 



<5£ CT 



0, 



provided G satisfies the Dyson equation. Now, once again, we multiply the interaction by a 
parameter A and assume we have calculated all quantities at finite A, so that the self-energy 
becomes function of A, i.e. £(A). We note that 

dX SX <9£ fdX\ fdX 
+ 



dX <5£ dX V dx J s \ dx 

where we have assumed that £ is the stationary point, and the last term implies that the 
derivative is at fixed £, namely one does not need to derive anymore £(A) with respect to A. 
The only other place in which A appears in X is in the interaction lines that are now XU(q). 
Since for the n-th order diagram X^ there are n interaction lines, the derivative is 



n iW(A). 



\ dX X 

Therefore the perturbation expansion of the derivative of X is just the same as of X itself 
without the 1/n pre-factor of the n-th order term but with a 1/A pre-factor. Hence, it is easy 
to realize, see Fig. 5.33, that 

f = (fl = S T S £ Mk. !e „)C„(k, I£ „). (5.70) 
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Comparing with (5.68) we find that 



dfl(X) _ dX 



Since, for A = 0, X(0) = 0, we immediately find that, at A = 1, 

n = q + x [s] 

= n °~ T l>2Yl ln(l-G?( r °)(k,i€ n )E <y (k,ie n ))+E <y (k,i€ n )G ff (k, 

n ko- L 

= T EE lnGf a(k,ie n ) - E -(k,ze„)G -(k,ze„) 

n ko- L 

where we use the expression 



(5.71) 



7X, 



.0+ 



+ X[G] 



+ X[G] 



(5.72) 



fio = T^^lnG(°»(k )ieri )e' 



e n 0+ 



« kcr 



5.10.3 The Luttinger theorem 

As usually let us assume that the Hamiltonian as well as the ground state are spin-rotationally 
invariant, which also implies that the Green's function is spin-independent. In this case the total 
number of electrons per unit volume at zero temperature is 



N 
V 



t^EE^ = -|e / v /(e) l Arg ln G " (k < e + * 0+) 



k a 







de d 



vT, I ^A rg l„<r'(k, f + i 0+) 



= ~^yJ2 ( Arg hG -1 (k,0 + iO + ) - Arg lnG _1 (k, -oo + i0+)) 

k 

= -^E(<K k ' )-<M k '-°°))> 



(5.73) 



where 



4>(k, e) = tan" 



1 flmG(k,e + iO + ) 
KeG(k,e + iO + ) 



tan 



1 ^ -JmG~ 1 (k,e + iO + ) 
fteG _1 (k,e + iO + ) J ' 



(5.74) 



is the phase of the Green's function approaching the real axis from above. From Eq. (5.14) it 
derives that 



JmG(k,e + iO + ) = -Ira G(k, e - i0 + ) = |G(k,e)| sin 0(e) = -7rA(k,e) < 0, 
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which implies that <fi is defined within [— ir, 0]. For infinite frequency a constant interaction can 
not be effective, hence 

lim G(k,e + i0 + ) = lim G<® (k, e + i0 + ' 



\e\^oo |e|->oo ' € + i0 + 

which implies that 

(f)(k, — oo) = tan -1 — — = — it. 

— oo 

We will show later that, in the most common situations, Im Cr _1 (k, e + i0 + — ► + i0 + ) — > + 
so that G _1 (k, 0) is purely real hence 

0(k,O) =tan- 1 — T 



G-^k.O) 

is equal to tt if G _1 (k, 0) < and otherwise. Using these results to evaluate (5.73) we finally 
obtain 

^fE^M)). (5-75) 

k 

This expression, also known as Luttinger's theorem, states that the number of electrons is equal 
to the volume in the Brillouin zone which includes all momenta such that the Green's function 
at zero real-frequency is positive. 

Remarks 

Let us discuss in what cases the above result applies. 

The simplest example is when the single-particle local spectral function A{e) has a gap or a 
pseudo-gap, i.e. vanishes as a power-law, at the chemical potential, namely at e = 0. Since 



V 

k 



and both A(e) and A(k, e) are by definition real and positive, this implies that for any k ^4(k, e 
0) -> 0, hence also Im G(k, e + i0 + -> + i0 + ) = 0. Then, through (5.74), we find that 

^>(k,0) = tan _1 



KeG(k,0)' 



Since the sign of the real part of G is the same as that of G 1 , the Luttinger sum rule (5.75) is 
recovered. This would be for instance the case of a superconductor. 
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On the contrary, in the case of a metal we do expect a finite spectral function at the chemical 
potential A(0) / 0, so the above demonstration does not work. We notice that 

fteG _1 (k,e-H0+) = e - e k - Tie E(k, e + i0+), 
JmG~ 1 (k,e + iO+) = 0+ - 1m E(k, e + i0 + ), 

so that the question reduces to know how it behaves the imaginary part of the self-energy upon 
approaching the real axis. We have already shown, see Eq. (5.27), that within perturbation 
theory 

lim JmS(k,e + iO + ) = 0~, 

e->0 

which justifies the Luttinger sum rule also in this case. 
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Chapter 6 

Landau-Fermi liquid theory: a 
microscopic justification 



The Landau-Fermi liquid theory, that we have introduced at the beginning as a phenomeno- 
logical description of the low energy excitations of an interacting electron gas, can be justified 
microscopically using the Feynmann diagram technique that we have just discussed. 



6.1 Preliminaries 

We are going to discuss the Landau-Fermi liquid theory in a model of N degenerate species of 
fermions, a = 1, . . . , N. At the moment we shall consider only short-range interactions; later we 
will extend the analysis to the Coulomb case. The non-interacting Green's function is defined 
by 

G(°) (k,ie n )=G(°) (k,ie n ) = -^- nT , 

and the interacting one by 

1 

G a (k,«e„) = G(k,ie„ 



ie n - e k - £ (k, ie n ) 

and both are a-independent. All energies are measured with respect to the chemical potential. 

We know that, provided perturbation theory is valid, the self-energy analytically continued 
on the real axis, S(k, e), has an imaginary part that vanishes at least like e 2 for e — ► 0. This 
implies that, for very small e, 

G(k,e)~ ' 



e-el- KeS (k, e) ' 
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which we are going to assume has a simple pole on the real axis at e = ek such that 



e k -e k -KeS (k,e k ) = 0, 

with residue 




d5fte£ (k, e) 



This pole represents a particle-like coherent excitation, that has to be identified as the quasipar- 
ticle. The residue, which is smaller than one as the derivative of the self-energy is negative, is 
the weight of a quasi-particle excitation into a real particle one. By consistency, e k must be very 
small, so that the imaginary part of the self-energy at e = e k is indeed negligible with respect 
to e k itself. Within this assumption, for complex frequency z very close to the origin, 

G (k,s)~-^- + G inc (k,z), (6.1) 

Z £ k 

where Gi nc (k, z) is an incoherent component that has no singularity for small \z\. Within this 
assumption, the surface identified by e k = corresponds by the Luttinger theorem to the Fermi 
surface. 



Let us now consider the Bethe-Salpeter equation (5.47), which can be written formally as 

r = r° + r°0 J R0r, (6.2) 

where means the sums over internal indices, including the sum over momenta and Matsubara 
frequencies, and 

R (k, ie n ; q, iuji) = G (k + q, ie n + iui) G (k, ie n ) . (6.3) 
We note that, for free electrons and for small q and uj\ 

T V G<°> (k + q, ie n + G<°) (k, ien) F{ie n ) = T V — — ^ F(ie n ) 

— 1 — l —F{ Z ) 

2m z + iuji- e k+q z - e k 

2 



/ (4) - / (jy F (c o } , r 

iui - e k+q + e k J 2-iri \ z - e k / v > smg 

df{4) 4 +q -4 i ' 



\ z — €i. / V / sir. 



de k i^-e k+q + e k v K/ / 2vri - e k / v w /«n fl 

. 4+q o +e ! u m + f^m (At) 2 (w) . , 

!W; - e k+q + e k J 2m \ z - e k / V / smp 



217 



where ( F(z) ) means that one has to catch in the contour integral only the singularities of 

V / sing 

F. In the above equation, the term 



iuJi - v k • q 



has a singular behavior for small q and If q = and uji finite, it vanishes, while if uj\ = at 
finite q, it is —5 (e k )- In other words, the function 

R<® (k, ie n ; q, iu t ) = G<® (k + q, ie n + iu t ) G<® (k, ie n ) 
regarded as a distribution in ie n , has a singular part at small q and uj\ given by 



(5 fa r 



oq, iu t - • q 

The formal meaning of 8 (ie n ) for discrete Matsubara frequencies is 

5(ic n ) = 

Seemingly, the product of two interacting Green's functions of the form (6.1), regarded as a 
distribution, can be represented at small q and u>i as 

R (k, ie n ; q, iui) = G (k + q, ie n + iui) G (k, ie n ) 

^ 5 ^ fan) ■ h Rinc (k, «e„; q, so;/) 

<9e k iu)i - e k+q + e k 

= A (k, ie n ; q, + i? inc (k, ie n ; q, , (6.4) 
where Ri nc (k, ie ra ; q, iwj) is non-singular for g — > and u>[ — > 0, and 

A (k, , £n ; q, iuj) = -^M 5 (ie n ) Z\ , £k+q ~ ^ ■ (6.5) 
oe k - e k+q + e k 

We note that, if we send first q — > and then uj\ — > 0, so-called w-limit, then 

lim lim i? = i? w = i?j nc , (6-6) 

while, in the opposite case, so called (/-limit, 

lim lim R = R q = d ^ ek "> J (^ n ) ^2 + ^ = A <? + ^ ( 6 . 7 ) 
g^o w;^o ae k 
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Going back to the Bethe-Salpeter equation (6.2), we note that the irreducible vertex T is by 
definition non-singular at small q and wi, in other words its w-limit coincides with the g-limit. 
Therefore, in both limits, 

v g = r° + r° R q r q , (6.8) 

r w = r o + r°©i2 w 0r w , (6.9) 

with the same T . Solving for T we find that 

r = r q + r q q (R- R q ) r = r 9 + r 9 A r, (6.10) 



where 



& f (^ ) 

A(\s.,ie n ;q,iuji) = A (k, ie n ; q, iuj t ) 5 (ie n ) Z\ 

df (e k ) x . . . 2 iuJ l (aii\ 

= o 5(ie n )Z k - ■ , (6.11) 

<9e k iu)i - e k+q + e k 

or, alternatively, 

r = r w + r u (r - r°) r = r w + r w a r. (6.12) 

In this way we have been able to absorb the unknown Ri nc and T° into two scattering vertices, 
T q and F". 



6.1.1 Vertex and Ward identities 

The fermionic operators c ka , labelled by generic quantum numbers a = 1,N, have, as we as- 
sumed, interacting Green's functions diagonal in these numbers and independent of them. Let 
us now add a perturbation of the form 

bU = fc(-q) • ^ Yl m ^( k , q) c L c k+q 6 = h-M, 

k ab 

in the limit of q — > 0. In this limit it is convenient for what follows to rotate the basis c ka into 
the one c ka that diagonalizes the matrix m(k) with elements m a b(k), i.e. m a b(k) — > m a (k)5 a( g. 
However, even though we are going to use this diagonal basis to derive explicitly several identities, 
we will always provide for each of these identities also a matrix representation, which is obviously 
independent of the basis set. 

In the diagonal basis the non interacting Green's function is also diagonal, 

(G£\k,ie n fj = ie n - e k - hm a (k), 
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while the interacting one might not be so 

(G a (k,ie n ))~p = ie n - e k - hm a (k) <5 Q/3 - T, a/3 (k,ie n ). (6.13) 

If the operator M refers to a conserved quantity of the fully interacting Hamiltonian, then the 
interacting self-energy is diagonal, hence also the Green's function. 

In the presence of the external field, the average value of the operator M, namely 

(M) = ^2 m a(k) n ka = y ^ E m "( k ) G ««( k > ie «)' 

a k n a 

becomes h dependent, which allows to define the thermodynamic susceptibility 

dh \h=o u dh \h=o 

k n a 

We note that, considering G a p as elements of a matrix G, as well as m a of a diagonal matrix 
m, and so on, the following relation holds: 

8G{k, ie n ) ~ . dt(k, ie n ) \ ~ 

— = G(k,ie n ) I m(k) H — I G(k,ie n ). (6.15) 

This equation is actually independent of the basis set, namely in holds also in the original 
representation where rh(k) has elements m a b(k). On the other hand, through Eq. (5.58) we 
know that 

d Sa ff( k ' zen ) =T^2 T ar,sp(^^n,P^ m ]pie m ,kie n )G S u(p,ie m )m u (p)G l/y (p,ie m ), 

m 7 p 

where the product of the two Green's functions must be interpreted as 

lim G Su (p + q, ie m ) G^ 7 (p, 

namely as the (/-limit. In the limit h — > 0, that we will consider hereafter, all Green's functions 
become diagonal and independent of the index a, i.e. G a p = 5 a p G, hence 

m Q (k) 5 a/3 + 9T,al3 ^ — =m a (k)5 a p (6.16) 
oh | /i=o 

r a7;7/ 3(kie n , pie m ; pie m , kie n ) R q (pie m ) m 7 (p), 

m 7 p 

where we recall that 

-R 9 (p «e m ) = hm G(p + q, ie m ) G(p, ie m ). 
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We can also introduce the triangular vertex A a p(k + qie n + iu>i, kie n ; qicui) corresponding 
to the perturbation, with non-interacting value at small q 

A^(k + qze n + iuji,kie n ;ciiuJi) = m a {k)5 a p. 

As we know A satisfies the Bethe-salpeter equation 

A = a(°) +r© J R0A(°). 

Similarly to the above discussion of the interaction vertices, we can define the q and to limits 
of the triangular vertex 

A q = A<°> + T q QR <1 QA^\ 
A w = +T U} QR U QA (0) . 



Solving for A<°) one finds that the vertex is related to its gorw limits by 

A = A tJ + r w 0A0A = A u + r0A0A u , 
A = A 9 + A A = A 9 + T A A 9 , 



(6.17) 
(6.18) 



where A and A have been defined in Eqs. (6.5) and (6.11), respectively. 

Through Eq. (6.16) and by the definition of the triangular vertex, we obtain the following 
identity: 



a (k) 5 aP + — = A^(k, 



1.C, 



or, in a representation independent of the basis choosen, 



(6.19) 



(6.20) 



Let us assume now that the operator Ai is a conserved quantity, which implies that, even if 
h 7^ 0, the Green's functions remain diagonal in a. In this case the Ward identity (5.56) holds, 
which reads in this case and for q = 

S a (k, ie n + iu>i) - S Q (k, ie n ) _ 1 ^ ^ ^ 

1 P m /3 

r a/ 3 ;/ 3a(kie n , pie m + iuf,p ie m ,kie n + iuj t ) Gp(p, ie m ) Gp(p, ie m + iuj t ) m /3 (p). 
In the limit of ooi — ► ujq <C 1 we can write 

ra Q (k) d S <*( k ' ze n) = ^2 F a f3;p a (kie n ,pie m + iu) ;pie m ,kie n + iu ) 

l€n p m p 
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Gp{p, ie m ) Gp(p, ie m + iuj ) m ( g(p) 
= -A£ Q (k,ie„) + m a (k). 



(6.21) 



In other words, another identity holds, namely: 



m Q (k) - m Q (k) 8Sa ^' <ew) = A-(k, *e n ) 



3.22) 



or, in matrix form, 



^( k ) _ ^( k ) ggijSl^ = A w (k, ie r . 



In the limit of vanishing h and for small e n , this identity becomes 



(6.23) 



A(°)(k)Z k 1 =A-(k,ie n ) 



(6.24) 



We emphasize that this result holds only for a conserved operator. 



6.2 Correlation functions 

Two single particle operators 

*W = E E c LAjL(k,q) W B(q) = 2 E 

k afe k afe 

can be associated to a correlation function xab(q, «<^z) that is defined by 

X^ = Tr(A^i?Ag)) +Tr(A^iiri?AW) =Tr(A^i?A B ), (6.25) 

where all quantities are calculated at zero external fields. 1 Once more we can define q and oj 
limits by (we drop for simplicity the subscripts A and B, keeping in mind that the triangular 
vertex on the left refers to A, and that one on the right to B): 

lr The actual meaning of the trace over the internal indices a's is 

Tr(Af.RA s ) = J2 A Alp G 0-> A B-fsG Sa 

since at zero field the Green's functions are diagonal and independent of a. 
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x q = Tr^A(°) R q A q ^j. 
Through Eqs. (6.17) and (6.18), we can rewrite (6.25) in the following way: 

X = Tr A^R (A w + rAA w ) = Tr^A^ RA^ + Tr (a^ RT A A<j 
= TrfA^i^A^ +Tr A< > (R-R") A" + Tr(A^ RF A A w ) 
= x w + Tr(V ) AAj + Tr(A^ i?rAA w ) 

= x w + ^(aaa w ) 

= x w + Tr[(A UJ + A w AT) AA W 
= x w + Tr(V AAj + Tr(^A UJ ATAA^). 
Similarly, it also holds that 

x = x <? + Tr(A <? AA <? ) + Tr(A 9 AT A A 9 ). 



(6.26) 



(6.27) 



We note that both A(k, ie n ; q, iuj{) and A(k, ie n ; q, iivi) contain a delta function in frequency, 
<5(e n ) and a derivative of the Fermi function with respect to its argument. This implies first 
that all sums over the internal Matsubara frequencies drop out, all frequencies being fixed to 
the lowest one eo = vr T, and that all momenta are very close to the Fermi surface. We define, 
for small q and toi 



A kp (q, iui) 
fkp 



Z k A" (k,0;q = O,iw, -►()), 

Z^A" (k,0;q->O,iw, = 0), 

Z k Z p r(k + q0 + ^,p0;p + q0 + ^,k0) ,, 

Z k Z p r w (k0,p0;p0,k0), 



as well as 



<5 k (q,zwi) = - 



9f (€k) €k+q ~ €k 

3e k iwj - e k+q + e k ' 
9/ (e k ) iLOi 



<9e k iu;; - e k+q + e k 
With these definitions, 

A = f + fQ6®A, 
and Eqs. (6.26) and (6.27) can be written as 

X (q,iwj) = x" + Tr(A^A w )+Tr(A w O ( 5Aj 



(6.28) 
(6.29) 
(6.30) 
(6.31) 



(6.32) 
(6.33) 

(6.34) 
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(6.35) 



where the trace does not include anymore the sum over Matsubara frequencies. The explicit 
expressions read 



x(q, m) 



>u, ^ d f ( g k) 

y ^ A ka/3 A k/3a q 

k a/3 



e k+q — £k 



fck IWl — e k+q + e k 

1 df (e k ) df (e p ) . 
+ Y* 2^ 2> — ^ ^ A kQ(3 A k/3iP7;p(5ika (q,?a; / j A p57 



kp a/375 

e k+q — €k 

^ - e k+q + e k iuj[ - e p+q + e p 



e p+q 



(6.36) 



9/(e k ) 



ILOl 



k a/3 



k/3 ° <9e k iuJi - e k+q + e k 

1 \- \- g/(gO d/(e p ) w , / • v ,q 

+ y2 2> 2> "^T — \ Q /3^k/3, P7 ;p«5,k/3(q,^)A p57 



kp a/375 



ILOi 



IUJI 



iui - e k+q + e k iuji - e p+q + e p 
We just note that, through Eqs. (6.20), (6.13) and (6.15), we can relate \ q 



(6.37) 



^E^Tr 



A^ 0) (k,0)G(k,ie n ) (A^(k,0) + 



.(0)/ 



d£(k,ie 



... - ) G(k,ie n ) 
dh B \ h =o 



A«?<M>^ 



fe=0 



KAB, 



to the thermodynamic susceptibility, kab> of the operator A to an external field hs that couples 
to B. So far we have been able to express any correlation function in a form similar to that 
of free particles (quasi-particles) , with R replaced by the "free-particle" quantities 5 and 5, all 
interaction effects being absorbed into the unknown three- and four-leg vertices. However, when 
both A and B refer to conserved quantities, a lot of simplications arise. 

6.2.1 Conserved quantities 

Suppose that A is conserved (the same result would hold if B, or both were conserved). Then 



X ^ = Tr(A^ J R-Ag ) ). 
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Through Eq. (6.23), we find that 2 

*ab = \ E T E Tr A A ( k > q = 0) (l - dn t ien) ) G(k, ze n + iun) G(k, ze n ) A§> (k, q = 0) 



= V E Tr ( k ' q = °) A B 0) (k, q = 0)] T E = 0, (6.38) 

k n n 

namely x"as vanishes. Therefore, by means of Eq. (6.24), we finally obtain, when both A and 
B are conserved, and for small q and U\, 



xABiKiun) = 4EE A ?L(k,o)AgL(k,o)^ 



£k+q - £k 



+^2 E E Ag ) a5 (k,0)^ kfe , pc;pd , ka Ag ) (ic (k,0) 

kp a/3 

5/ (tk) df (e p ) e k+q - e k e p+q - e p 



<9e k <9e p iui - e k+q + e k iui - e p+q + e F 



(6.39) 



We immediately recognize that the above expression coincides with that one obtained within 
the Landau- Fermi- liquid theory, in the general case of quantum numbers a = 1, . . . , N. There- 
fore, when considering conserved quantities, all interaction effects can be absorbed into the 
quasiparticle energy e k and into the scattering vertices A. 

6.3 Coulomb interaction 

So far we have only taken into account short-range electron-electron interaction. What does it 
change when the interaction is instead long-ranged? 

Let us assume therefore that the electrons interact mutually by a long-range Coulomb re- 
pulsion 

Hint = y E E ^(l) C k;+qa C pb C p+qfc C ka> 
kpq ab 

with 

C/(q) 



Aire 2 



Furthermore we shall assume that there is a background positive charge that compensate exactly 
the electron one. This implies that the self-energy, see Fig. 5.19, does not include the Fock term, 
which otherwise would give an infinite contribution since J7(q — > 0) — > oo. The problem with 



2 Recall that at zero field the Green's functions G a b = 8 ab G. 
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a long-range interaction is that, besides the singular behavior for small q and u\ due to R, 
additional singularities arise at q — > by the interaction. In order to disentagle both sources of 
singularities, it is convenient to adopt the same approach as in section 5.6. 

Therefore, in the perturbative expansion of the four-leg vertex T(k + q, p;p + q, k), we 
identify a subset of proper diagrams that do not include any interaction line with momentum q. 
This subset defines the proper vertex T, which by definition does not include any singularity for 
q — > arising from the singular behavior of U(q). The proper vertex allows to define a proper 
density-density correlation function 3 

X = TrCR)+Tr(i?f fl) , 

as well as a proper three-leg vertex 

A = A<°) +f QRQ A< >. 

By exploiting the analytical properties of R, we can follow precisely what we did before, this 
time for proper vertices. Notice that, since the self-energy does not include the Fock-term, all 
vertex and Ward identities still hold in terms of proper vertices. In particular, the expression 
(6.39) remains valid for the proper correlation function with 

A kp = Z k Zpf w (k,p;p,k). 

Once we have been able to express proper correlation functions in terms of few parameters, the 
improper ones can be derived straightforwardly just like in section 5.6. The results obviously 
coincide with the Landau-Silin theory. 



3 Note that in the charge-density channel the non-interacting vertex = 5 a b- 
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